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1 INTRODUCTION

One of the core mysteries behind the success of deep learning is that a neural network with a huge number of parameters
can be trained with little to no regularization to fit noisy observations, and yet can still achieve good generalization on
unseen data points. Even more mind-boggling is the observation that models with larger parameter counts actually tend
to generalize better [7, 31, 52]. This turns out to be a quite universal phenomenon, not unique to deep learning [8, 9, 18].
As over-parameterized models become more and more important in applications, it seem imperative to understand the

mathematical reasons behind their success.
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In high-dimensional settings, there are usually possible solutions with low training error but very high population
risk, and so any analysis based only on the number of parameters will be extremely loose. To explain over-parameterized
learning, we need some alternative measure of complexity. Finding the relevant complexity measure of a neural
network remains an open question, but we have come to understand that the appropriate complexity measure for
linear regression is the norm of the coefficients. Much recent work [e.g. 4, 8, 13, 18, 19, 23, 28, 30, 44, 54] has considered
linear regression as a testbed problem which also exhibits some of the surprising behaviors found in deep learning. In
particular, Bartlett et al. [4] show that it is possible for the minimal norm interpolator w to be consistent even when the
number of dimensions grows much faster than the sample size.

A very natural idea to recover this fact is the following: we can consider the set of predictors with norm smaller than
|lw||, and argue that the difference between training error and population error is small uniformly for all predictors
in this set. Because this set is simple in the sense that all predictors have small norm, we can hope for a uniform law
of large numbers to show that the population risk of the minimal norm interpolator is also small. This idea, known
as uniform convergence, has been the core workhorse of learning theory for decades. Unfortunately, there are lower
bounds that show this approach cannot explain consistency in many natural high-dimensional problems [3, 29, 30, 54].
At a high level, this is because the norm required to perfectly fit the noisy labels need to scale with the sample size, and
so the set of predictors with norm smaller than ||w|| can actually be quite large, and in particular will include predictors
with high training error. To sidestep these negative results, Zhou et al. [54] argue that we should focus on upper bounds
only for predictors with low training error. Koehler et al. [21] subsequently show that if we only consider the low-norm
predictors with exactly zero training error, then a uniform convergence argument can actually tightly control the
population risk of low-norm interpolators in Gaussian linear regression. Uniform convergence of interpolators has
shown itself to be a powerful tool for analyzing interpolation learning, especially when closed form solutions are not
available: Koehler et al. [21] proved the first consistency result for basis pursuit (minimum ¢ -norm interpolation), and
Wang et al. [51] sharpened the analysis to show that basis pursuit can be consistent when the covariates are isotropic,
in strong contrast to the £, setting.

Though their works highlight the importance of localized uniform convergence and very clearly demonstrates that it
is sufficient for interpolation learning, in practice we do not only care about exact interpolators. For example, there can
be interesting high dimensional settings where interpolation is not possible. When interpolation is possible, we can
also obtain good non-interpolating predictors by early stopping or some amount of regularization. Even if we intend to
perfectly memorize the labels, numerical precision issues will likely prevent us from fitting them to literally zero error.
Thus, we want a more general notion of risk-dependent uniform convergence that is robust to non-interpolation. In the
context of linear regression, we want to understand the population risk of any low-norm predictor with small, but not
exactly zero training error.

In this paper, we revisit the “optimistic rate” bound of Srebro et al. [39], and perform a tighter analysis based on
Gordon’s comparison inequality for Gaussian processes [17, 43]. Our new analysis is tight enough to recover the
consistency result of the minimal-norm interpolator from Bartlett et al. [4] and Koehler et al. [21] for Gaussian linear
regression, which previous work on optimistic rates cannot achieve due to hidden constants and logarithmic factors.!
At the same time, our result allows us to have a very precise and accurate understanding of the finite-sample risk
of non-interpolating estimators. For example, our upper bound for the ordinary least square estimator matches the

exact expectation formula given by Hastie et al. [18] in the proportional scaling limit, even though the estimator is not

! A more detailed discussion can be found at the beginning of Section 3.
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consistent. In Section 4, we also apply our generalization framework to analyze ridge and LASSO regression. We show
that it is possible to understand classical statistical theory as well as recent progress in interpolation learning under the

same unified framework of optimistic rates.

2 PROBLEM SETTING

Notation. We use ||-|| for the £, norm, ||x||p = (2 |x,~|P)1/P. For a positive semidefinite matrix A, the Mahalanobis
(semi-)norm is ||x||124 := (x, Ax). For a matrix A and set S, AS denotes the set {Ax : x € S}. We always use maxyes f(x)
to be —oo when S is empty, and similarly min,egs f(x) to be co. We use a V b to denote the maximum between a and b

and a A b to denote the minimum. We use standard O(-) notation, and a < b for inequality up to an absolute constant.

Data model. We assume that the data (X, Y) is generated as

Y=xw'+& X 9Nz,  &~N(0, %), 1)
where X € R™4 has ii.d. Gaussian rows Xi,...,Xp € Rd, w* is arbitrary, and ¢ is Gaussian and independent of X. The

empirical and population loss are defined as, respectively,

. 1 *
L(w) = =||Y = Xwll3, Liw)= E (y—(w.x)?* =0 +|lw—w|},
n (x.y)

where in the expectation y = {x, w*) + & with x ~ N(0, Z) independent of & ~ N(0,0%). When d < n, there is an
unique minimizer of L which is the ordinary least square estimator wors = (X Tx)1XTy. Whend > n, for an arbitrary

norm ||-||, the minimal norm interpolator is W = arg min; (w)=0 [[wl]|.

3 OPTIMISTIC RATES THEORY

As discussed by Zhou et al. [54], a promising version of localized uniform convergence is to use bounds with “optimistic
rates” [34, 39], which establish different generalization guarantees depending on the size of the training error. (This
broad concept has been studied at least since the work of Vapnik [47, Theorem 6.3].) In particular, Srebro et al. [39]
show that with high probability, it holds uniformly over all w € H that

L(w) —L(w) <O (\/i(w) - R2(H) +RE,<fH)) )

where R, (H) is the Rademacher complexity? of H for any n € N. Considering only interpolators in %, the points for
which L(w) = 0), this bound becomes
L(w) < O (RE(H)). 3)

In classical settings, it is typically the case that R, (H) < \/Im for some constant R > 0, and so (2) implies a graceful
degradation from a learning rate of é(l /n) in realizable settings to a learning rate of (j(l /+/n) in the more general
non-realizable settings. The hidden constant and log factor in the O notation are not so problematic in this regime,
because the quantity inside is vanishing.

In interpolation learning, however, we no longer have the scaling of R, (H) < y/R/n: the complexity required to
perfectly fit the noisy observations needs to scale with the sample size, and Zhou et al. [54] show in some cases that we

can expect R2(H) to be approximately as large as the Bayes risk 2. Therefore, any hidden factor greater than 1 inside

2Srebro et al. [39] consider the worst-case Rademacher complexity. In our results, we use a smaller quantity known as the average Rademacher complexity.
The formal definition is given in Section 3.2.
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the O notation of (3) will not be tight enough to establish consistency. In this work, we improve the hidden factor
of 200 000 log®n from Srebro et al. [39] to exactly 1, in the particular setting of Gaussian linear regression. Ignoring

lower-order terms, we show that with high probability, the following inequality is approximately true for all w € H:

L(w) = L(w) < 24/L(w) - RE(H) + RE(H),

which can be more elegantly written as
2
L(w) < (\/I:(w) + Rn(ﬂ)) . (4

The formal statement is given in Theorem 2. It will be clear from our applications in Section 4 that the constants in (4)
are in fact tight, and that the bound allows us to get precise generalization bounds for minimal-norm interpolation as

well as ridge and LASSO regression.

3.1 Main Bound

We now give our main result, which will be used in Section 3.2 to obtain (4).

THEOREM 1. Under the model assumption in (1), let F : RZ - [0, 0] be a function such that for x ~ N(0,%), with
probability at least 1 — &, it holds uniformly over all w € R? that

(w—w", x) < F(w). (5)

For any § > 0, assume n > 196log(12/5). Then there exists f; < 14”% such that with probability at least
1—2(8" +6), it holds uniformly over all w € RY that

2
L(w) < (1+f1) (\/I:(W) + %’:)) . (6)

The full proof can be found in Appendix B; we briefly sketch the proof here.

PROOF SKETCH OF THEOREM 1. We do this via Gordon’s Theorem (also known as the Gaussian Minmax Theorem;

see Theorem 16). It suffices to prove that

L(w) [+ F(w)
111” 1_:21—( L(w)+TW)SO.

sup -

Write X = Z51/2, where Z is a matrix of standard Gaussian entries. By the definitions of L(w) and Y, we have

L) L gy —sup inf o E L 1V2(30 — w*) - £)
sup AT g~ g (1Y =Xl + F) = sup it \[F0+ (,231 200 =) = ) = Fl).

The last expression is a max-min optimization with a random Gaussian matrix Z, so by Gordon’s Theorem we can

prove a high-probability upper bound on this quantity (the “Primary Optimization”) by upper-bounding the following
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“Auxiliary Optimization” problem with standard Gaussian vectors H ~ N (0, I;) and G ~ N(0, I,):

sup it [+ = (I 312 = )+ 1220 = ) G 2) = .5 = FOw)

. L(w) / ) i
=sup fof 1+5  vn (<H 12w — w*)) + (G2 (w — wh) ||z — £, 4) — F(w))
= sup 15;;3) \/_||G|I21/z(w w9z = &z | + — " [<21/2H I )—F(w)]

The first term is negative with high probability, because
L(w) = [[2"2(w = w*)[3 + %
since G, ¢ are approximately orthogonal, we have
IGIZY2(w" = wlla = &5 ~ IGIZNEY2 00" = w5 + I3 ~ n(I=Y2 (w = wh)l5 + 0.
The 1 + 1 terms accounts for the variations in G and &. The second term is also negative with high probability by the

fact that 1/2H ~ N(0,%) and our definition of F. ]

3.2 Gaussian width/Rademacher Bound
Now we discuss how to recover the Rademacher bound (4) by choosing an F to satisfy the criterion (5). In the context

of our model assumption (1), the average Rademacher complexity is given by the following:

Definition 1. Given a positive semi-definite matrix ¥ and sample size n € N, the Rademacher complexity of a hypothesis

class H is given by

s~Unif ({1 } )
Rademacher complexity measures the ability of H to fit random Rademacher noise (+1) on an average training set
sampled from the ground truth distribution. For more background, see for example the work of Bartlett et al. [2], Bartlett
and Mendelson [5], Srebro et al. [39], Wainwright [50].

A closely related geometric complexity measure is the Gaussian width [see, e.g., 5, 48]. The following definitions

match the notation of Koehler et al. [21].

Definition 2. The Gaussian width and the radius of a set S ¢ R¥ are

W(S) = E sup |{s, H and rad(S) := sup|[|s||2.
(S HoNo, SEgl( ) (S SeI;JII Il2

We also define the notation
W (S) := W(Z/2S)
to represent the Gaussian width with respect to covariance matrix 3.

As it turns out, when the hypothesis class H is linear, the Rademacher complexity is actually equivalent to Gaussian
width (up to a scaling of 1/+/n).
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6 Lijia Zhou, Frederic Koehler, Danica J. Sutherland, and Nathan Srebro

Proposition 1. Let K be an arbitrary subset of R% and consider H = {x > (w,x) : w € K}. Then, for any positive

semi-definite matrix X, it holds that
Wz (K)

vn

ProoF. Observe that for xi, .., x, ~ N(0,X) independent of s ~ Unif({+1}"), we have % misixi ~ N (0, %Z)

The rest just follows from definitions:

Rn(H) = )

n

%ZS;’(W&G)

Ru(H) = su]
" X1yeesXn~N (0,2 WEI;( ‘=
s~Unif({+1}")
1< 1
= su w, — SiXi = E su ‘ w,lZEH ‘
X150 Xn~N(0,%) weg( < n; i l> H~N(0,I) wGI?)( ( \ >

s~Unif({x1}")
= n" 12wy (K). o

Consequently, to prove (4), we can replace Rademacher complexity with Gaussian width, and we can see that the
definition of F in Theorem 1 is very related to Gaussian width. To get tighter upper bounds, we recall the definition of

covariance splitting [21], which is also used by Bartlett et al. [4]:

Definition 3 (Covariance splitting). Given a positive semidefinite matrix ¥ € R4 we write T = T1®3if X =31 +39,

each matrix is positive semidefinite, and their spans are orthogonal.

To satisfy the definition of F in condition (5), we can write x = SY/2H, where H ~ N(0,1;). For any splitting
Y =31 @ Xy, let Hy be the orthogonal projection of H onto the span of X1, and H» that onto the span of X,.

Example 1 (Gaussian width and Theorem 1). If we are only interested in predictors from a fixed hypothesis class K,
then by orthogonality, it holds that for all w € K,

1/2

* * 1/2 *
(W' —w, x) =(w —w,Zl/ H) +(w* —w, Z,/°H)

1/2 1/2
=(w* —w, 21/ Hp) +{(w" —w, ZZ/ Hy)

1/2

< I=Y2(w = w*)ll2 - 1Hyll2 + I}

w' Hp)|+ sup  [(w, Hy)l.
WEZ;/ZW

Hence, by standard concentration results and the fact that ||S}/2(w — w*)||2 = v/L(w) — 62, we can choose
F(w) = (\/rank 5+ 2\/log(16/5')) VL(w) — 0% + W, (K) + (rad(z;/ 2%) + Hw*”zz) \2log(16/8)
for w € K, and let F(w) = oo for w ¢ K.

Plugging into Theorem 1 and rearranging the y/L(w) — o2 term, we obtain the following:

THEOREM 2. Under the model assumptions in (1), let K be an arbitrary compact set, and take any covariance splitting

% =31 @ 3y. Fixing § < 1/4, let fp = 32 (\/IOg%/&) + \/rankn(zl) ) Ifn is large enough that o < 1, then the following

holds with probability at least 1 - § for allw € K:

2
Lw) < (14 ) (\/Hw) . —WZ\Z/(;) Il +rad(z) )| | 2OEC20) 5)) . ®)
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Moreover, a stronger version of the above is also true: it holds that uniformly over all dilation factors a > 0 and w € a'K,

Vi) + 20 (1, + araa(a} ) /Zlogisz/&)

The full proof can be found in Appendix B. As discussed by Koehler et al. [21], we can usually find a split such that
the /log(32/8)/n term is negligible compared to the Gaussian width term, and so ignoring lower-order terms, our

2
L(w) < (\/I:(w) + WEZT?O) ,

which, in light of Proposition 1, is the same as (4). In addition, our stronger bound (9) shows that for any predictor

we have )

Liw) < (1+ ) )

Equation (8) basically shows that

w outside K, we can always dilate K by « and the Gaussian width term inside the corresponding upper bound will
also be scaled by a. Since our guarantee is uniform over a, we are able to adapt our upper bounds to predictors with
different norms and training errors at the same time. This will be useful for our applications in Section 3.4, where we

prove uniform generalization guarantees for all predictors along the regularization path.

3.3 Special Case: Uniform Convergence of Interpolators

If we only look at interpolators in the set K, we immediately recover the uniform convergence of interpolators guarantee
from (8):

Corollary 1 (Theorem 1 of [21]). Under the assumptions of Theorem 2, we have with probability at least 1 — § that
2

sup  L(w) < wzz(7<)+[||w*||zz+rad(z;/27<)] Zlog(%) . (10)

weK,L(w)=0

l+ﬁz
n

It was shown that the above result can be used to tightly characterize the population risk of interpolating predictors.
In particular, when the set K = {w € R? : ||w|| < B} is a norm ball for some arbitrary choice of norm || - || and B > 0,
then the Gaussian width is

Ws(K) =B-E|lx|l«

where || - ||« is the dual norm and x ~ N(0,%). For example, if we consider the minimal-norm interpolator w =

arg min o Iwll and choose B to be a high probability upper bound of ||w||, then we approximately have

w:L(w)

B? (E |Ix|l+)°
" .

L(w) < (1+0(1)) - (11)

Combined with a norm analysis, Koehler et al. [21] show that Corollary 1 can recover the nearly-matching necessary
and sufficient conditions from Bartlett et al. [4] for the consistency of the minimal £ norm interpolator. In particular,

they show that
2.2 n

X O —2
(E llx]l+)
with lower-order terms depending on the effective ranks. In the context of £ penalty, recall the following definition of

effective ranks:

Definition 4 ([4]). The effective ranks of a covariance matrix ¥ are
_ Tr(2)
il

_ Tr(3)?

r(%) "o

R(2)
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The lower-order terms will vanish when the £ benign overfitting conditions hold: there exists a sequence of

covariance splits X = ¥; @ X5 such that

k(= Tr(2
02 O L N R (12
n 2 n R(Z)
In this case, we have L(W) — o2 in probability with w = X7 (XXT)™'Y when || - || is the Euclidean norm, recovering

in the Gaussian case the consistency result of Bartlett et al. [4], Tsigler and Bartlett [44]. Koehler et al. [21] also
demonstrated that Corollary 1 can establish the consistency of minimal-#; norm interpolators in certain settings. This
was established by generalizing the sufficient benign overfitting conditions (12) to general norms. Wang et al. [51]
observed that these conditions are too pessimistic in the case of basis pursuit with isotropic covariance — this happens
because the analysis of the auxiliary optimization problems arising in the proof of the general result is loose. Sharpening
that step, they showed uniform convergence of interpolators can establish the optimal consistency result as well as a

matching lower bound, c.f. [12, 28].

Remark 1 (Comparison to the proof of [21]). The proof technique introduced in Koehler et al. [21] proceeds by an
application of the Gaussian minmax theorem directly to the left hand side of (10), the uniform generalization gap for
interpolators. In order to accommodate covariance splitting, and also because the auxiliary problem arising this way
may concentrate poorly, the analysis was performed conditional on high probability events over the span of the low
rank part 3. In the new analysis, the splitting is performed by choosing the complexity functional F(w) appropriately;
this roughly mirrors and simplifies the aforementioned step in the old analysis, as well as generalizing the result beyond

exact interpolators.

3.4 General Consequence: Flatness of Loss under Benign Overfitting Conditions

In this section, we illustrate another consequence of Theorem 2 in the context of benign overfitting. As just discussed,
even in situations where the labels have noise, there can be low-norm predictors that exactly interpolate the data and
nevertheless generalize well. We see that our bounds from Theorem 2 and its special case Corollary 1 are sufficient
to explain this phenomenon. In fact, they can tell us something more: the curve of the population loss along the
regularization path will become flat in these settings, as long as the regularization parameter is small enough for us to
obtain a predictor with norm larger than ||w*||. In other words, once we fit all of the signals, it does not matter how
much noise is fitted, and all low norm near-interpolators can achieve consistency at the same time.

In particular, if we take K = {w : ||w|| < 1}, then it is clear that for any w € RY, we have w € ||w]|| - K. To apply (9)

of Theorem 2, we define

ol = PO o [+ a1 2REEE (13

By virtue of (9), if w’ € R4 (e.g., the minimal-norm interpolator) satisfies
L(w)=0 and Cs,(|Iw]l)=0c+0(1),
then w’ is a benign interpolator: L(w’) = o2 + 0(1). Moreover, when the above holds, we can also establish consistency
for any constrained empirical risk minimizer wg of the form:
WR = arg min L(w) (14)
lwll<R
Manuscript submitted to ACM
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as long as R is larger than ||w*||, and with the convention that if there are multiple minimizers then the minimum-norm

minimizer is chosen.

THEOREM 3. Under the model assumptions in (1), let || - | be an arbitrary norm on R9 and consider the complexity
functional Cs. and the constrained ERM wg given by (13) and (14). Suppose there is a split > = X1 ® 3 and € > 0 such
that with probability at least 1 — 8, it holds that

VEw*) < (1+e)oc and Cs,(|w'|) <e (15)
and there exists w’ € R? such that
L(w)=0 and Cs,(|W])<(1+e)o+e (16)

Then, with probability at least 1 — 26, it holds uniformly over any R > ||w*|| that
L(wg) < (6 +5(e+ f2) (o V 1))2. (17)
for the same choice of B as in Theorem 2.

The full proof, in Appendix B, follows based on a simple argument (Lemma 8) which can be applied even more
generally. The condition (15) can easily be satisfied using standard concentration results, whereas (16) requires some
benign overfitting conditions. When there exists a benign interpolator, we can expect ¢ — 0 for a sufficiently large
sample size, and so L(wg) will converge to o2 uniformly. In the context of ridge regression (¢, penalty), we want the
condition (12) to hold.

Corollary 2. Let o > 0 be fixed. Under the assumptions of Theorem 3 with || - || as the Euclidean norm, suppose that
Y = X(n) is a sequence of covariance matrices with splits 3 = 31 @ Xy satisfying the benign overfitting conditions (12).
Then it holds that

sup L(wg) — ® in probability. (18)
R>[lw*|lz

In other words, we get a uniform convergence result along this entire component of the regularization path. It
is straightforward to make this into a finite-sample bound by using the non-asymptotic bounds on the norm of the
minimum-norm interpolator from Koehler et al. [21], as well as to generalize the result to other norms under the

appropriate benign overfitting conditions from that work. We omit the details here.

4 APPLICATIONS

In this section, we show how to apply our generalization bound to a variety of settings by choosing the appropriate
complexity functional F in Theorem 1, and by doing so we recover versions of classical results from compressed sensing,
high-dimensional statistics, and statistical learning theory. Some aspects of our results are new: in particular, applying
our theory always recovers finite-sample bounds and generally gives guarantees which apply to all predictors in a class,
not just the particular empirical risk minimizer. As further explained by Koehler et al. [21], Zhou et al. [54], this is a
crucial advantage of uniform-convergence based generalization bounds compared to other methods of analysis. For
example, analyses based on random matrix theory methods or the asymptotic framework for applying the Convex
Gaussian Minmax Theorem (CGMT) developed by Thrampoulidis et al. [41, 43] usually only give guarantees for the
empirical risk minimizer and only apply in certain asymptotic limits (“proportional scaling”). Gordon’s Theorem/GMT

itself has long been used in the analysis of M-estimation, both in regularization and interpolation settings [e.g. 1, 11,
Manuscript submitted to ACM
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Fig. 1. Loss along regularization path for ridge regression under benign overfitting conditions. Curve and error bars are computed from
10 trials with covariance matrix ¥ = [1 20

0 a’ly
aspect ratio d/n = 20; the x-axis corresponds to the log of the ridge parameter. The curve “bound” corresponds to the generalization
guarantee of Theorem 2; it is close to the population loss (“loss”) along the whole regularization path. “Null” and “bayes” are L(0)
and L(w*). “Capacity” corresponds to the term W (K)?/n ~ ||w||? Tr(Z)/n for the ridge output w, and “capacity*” is the same term
with [|w]|| replaced by ||w*||. As predicted by Theorem 3, the population loss of the ridge regression is roughly flat once ||w]| > ||w*||
(threshold indicated by grey vertical line), and this is matched by the generalization bound, even though it is determined by the
training error L(w) (curve “train”) and capacity/norm ||w|| which vary significantly.

, 62 =0.5, a = 0.05, and ground truth w* = (1,0,...,0) from n = 600 samples with

14, 24, 27, 32, 33, 35, 38, 40] — what is new is how we do this by controlling the generalization gap. As the examples
will illustrate, the optimistic rates theory developed in the previous section explains many different phenomena with a

simple and natural generalization theory approach.

4.1 Consistency of Optimally-tuned Regularized Regression

To demonstrate the applicability of our Theorem 2 outside of the interpolation setting, we show how to apply it to
derive consistency of optimally-tuned regularized least squares estimators such as the LASSO and Ridge regression. In
particular, we will show the ridge estimator is consistent under a low effective dimension assumption on X; this kind of
effective dimension condition was used, for example, by Mendelson [25], Tsigler and Bartlett [44], Zhang [53].

Given any predictor w, by the same reasoning in Section 3.3, we obtain

2
L(w) < (1+0(1)) - (,/ﬁ(w) + W) . (19)

For any A > 0, consider the regularized linear regression problem
Wy = argmin L(w) + A||w]|. (20)
w
By comparing the KKT conditions, it is easy to see that there is some choice of A* such that

wys = argmin ||wl].
L(w)<[|El12/n
Since I:(w*) = ||§||%/n ~ 0, it naturally follows that ||[wy|| < |[w*||. Plugging in the estimates into (19), we obtain the

following:
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Corollary 3. Under the assumptions of Theorem 2, consider the regularized regression estimators w) as in (20) with an

arbitrary norm || - ||. With probability at least 1 — &, there exists a A* > 0 such that
2
. w*
L(wy:) < (14382) |0+ w7l E lx|l« + sup |lulls, - V8log(36/8)]] . (21)
Vo \x~N(032) llufl<1
Hence, we have L(w)-) — o2 in probability if
W B0z, 1%l wH| - su ullz,
rank(%1) o Wl B~ 0,5, Xl o and lw[l - sup ) <q llulls, ol 22

n ’ Vn ’ Vn

In the context of ridge regression, (21) can be simplified to

2
*112
llw=Il5 Tr(22) (23)

L(wy) < (1+3f2)| o+ \/3210g(36/5) :
because both By n(q,5,) llx|2 and SUP |lu||, <1 lulls, = IZ2 ||(1;1/,2 can be upper bounded by 4/Tr(Z5). Therefore, a sufficient

condition for the consistency of optimally-tuned ridge regression is

k(= Tr (2
w% and IIW*IIZJ¥—>O. (24)

We see that the above is weaker than the benign overfitting condition (12) because we don’t need the last condition
#22) — 0. However, from Section 3.4, having that condition means we no longer need to tune the ridge parameter A:

any sufficiently small A will lead to consistency.

4.2 LASSO

Slow Rate under Bounded ¢; Norm. In the context of LASSO regression, assume without loss of generality that the

maximum diagonal entry of X is 1. Then we have

E  lixllo+ sup Ilulls, - v/8log(36/5) < +log(d),
x~N(0.22) flull, <1

and (21) translates to the convergence rate of o||w*||; w + ||w* ||f .

log(d)

> — to %, which is also known as the “slow”

rate of LASSO. Moreover, if w* is k-sparse, then we can bound

lw*ll1 < Kkllw*lleo

and so under these assumptions, the LASSO slow rate guarantee becomes ok||w*||co/ w + K2 |lw*2, - w. This

analysis works for all predictors w* of bounded #;-norm, and it is minimax optimal over this class, but when we assume
that w* is k-sparse it is generally suboptimal and in particular does not give exact recovery when o = 0. We now
explain how our theory recovers the correct behavior in the sparse and well-conditioned setting commonly studied in

the sparse linear regression literature.

Performance under Sparsity and Compatability/Restricted Eigenvalue Condition. We show how to recover well-known
results from compressed sensing and high-dimensional statistics about sparse linear regression with Gaussian designs.
In particular, we prove a performance guarantee for the LASSO when the covariance matrix is well-conditioned, as
previously analyzed by Raskutti et al. [35], or more generally satisfies a version of the compatability condition [45]. We

start with the following well-known lemma commonly used in the analysis of the LASSO [see, e.g., 48].
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Lemma 1. Suppose w* is k-sparse, i.e. supported on coordinate set S C [d] with |S| < k. Every w with [[w|l1 < [|[w*||;
satisfies
[(w=w)gcllr < [[(w* = wg)ll1 (25)

The above lemma shows that the vector w — w* lies in the covex cone
C(S) = A{u: llugcllr < llusll1},

where S is the support of w*. Now we can state the version of the compatibility condition [45] we use; the compatibility
condition is a weakening of the restricted eigenvalue condition [10, 35], and the compatibility condition is known to be
a sufficient and almost necessary condition for the LASSO to perform exact recovery from O(k log d) samples in the

Gaussian random design setting [20].

Definition 5 (Compatibility Condition; see [45]). For a positive semidefinite matrix ¥ : n X n, L > 1, and set S C [n],

we say X has S-restricted t1-eigenvalue
IS] - {u, Zu)

min 2
ueC(s)  uslp

$*(2.5) =
We say the S-compatibility condition holds if the S-restricted #; -eigenvalue is nonzero.

Example 2 (Application of Theorem 1 to LASSO with sparsity). Observe that for x ~ N(0,X), we have by Holder’s
inequality, the standard Gaussian tail bound, and the union bound that with probability at least 1 — §”,

(w=w"x) < llw=wllillxlleo < llw = w7y max y22;; log(2d/5"). (26)

Thus, we can take F(w) to be the right hand side of this inequality when applying Theorem 1.
Combining (26) with Lemma 1 and the compatibility condition, we obtain the following:

THEOREM 4. Under the model assumptions in (1), additionally assume that:

(1) w* is a k-sparse vector.

(2) ForS c [d] the support of w*, the covariance matrix ¥ satisfies the S-compatibility condition.

(3) The number of samples n satisfies

32 max; %ij 32d
> ————— -klog| —|.
$2(Z,S) 4

Then, for all w satisfying ||w|l1 < ||w*|l1 and L(w) < (1 + €)c? for an arbitrary €, we have
max; %;;  o’klog(32d/5)
P(2,5)? n ’
where 1 = O(y/log(1/8)/n) is as defined in Theorem 1. In particular, when o = 0 we have that ||w — w*||x = 0, and so if

3 is positive definite then we have w = w* (exact recovery).

L(w) - 0% < (Br+e)c?+(1+¢€) (27)

To interpret the above bound, observe that when we consider the ERM, we know that ¢ = O(1/+/n) based on
concentration of the norm of the noise (Lemma 2) and so the first term is 62 //n and the second term, assuming
is well-conditioned, is O(o?k log(d/8)/n), which is the well-known minimax rate for sparse linear regression [see,
e.g., 36]. The above analysis is not very careful in terms of constant factors; in Section 4.5 we show how to get sharp
constants in the isotropic setting. Also, in Section 6.1 we show how to get rid of the first term on the right hand side
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of the bound above, when we are specially considering the constrained ERM w minimizing the squared loss over all
[lwll1 < |[w*]|1, i.e. the LASSO solution: see Corollary 5.

4.3 Ordinary Least Squares

Next, we consider a high-dimensional setting when d is smaller than n. For example, when d = n/2, the ordinary least
squares estimator wors is the unique minimizer of the training error, but it does not interpolate the training data and
so the uniform convergence analysis of Koehler et al. [21] cannot be applied. As it turns out, our Theorem 1 is enough

to tightly characterize the excess risk of wors.
Example 3 (Application of Theorem 1 to OLS). By the Cauchy-Schwarz inequality, it holds that
(W' =w, x) < |Hllz [w" = wlls.

Using standard concentration inequalities and L(w) — o> = ||w — w*||2, we can choose

F(w) = (\/E + 2\/10g(4/5’)) VL(w) - o2. (28)

1/2
THEOREM 5. Under the model assumptions in (1), lety = d/n < 1. There exists some € < (w) such that for all

sufficiently large n, with probability 1 — & it holds uniformly for all w € R? that

VL(w) - YL(W < eyL(w \/1 = L(_W) 2) +el(w). (29)

For the empirical risk minimizer wors = (XTX)™'XTY, the right hand side of (29) is approximately zero because we also

have
L(wors) < 62(1—y) + dey/1 —y. (30)
Therefore, we obtain the following generalization bound:
2 log(36/5) \"/*
Tl e I a1
1-y n

We have a relatively complicated expression in (29) because our choice of F according to (28) depends on the excess
risk L(w) — 2, and so after applying (6) we need to solve a quadratic equation. All quantities in (29) are well-defined
because L > 0 and the eL(w) term inside the last square root ensures that with high probability it is positive. If we
think of € as zero for simplicity, then our uniform convergence guarantee (29) predicts that the excess risk L(w) — o of

a predictor with training error L(w) cannot be larger than

\/yL(w) \/Lw) 2)
1_

The minimal error is approximately (1 — y) and so all near empirical risk minimizer should enjoy an excess risk

of 0'2%, which agrees with the exact expectation formula in Hastie et al. [18]; see their discussion for additional

references. Since our approach also gives us a lower bound for free (by solving the quadratic equation), Theorem 5 is
enough to show that L(wqrs) converges to o2 ﬁ in probability. We see that even though the empirical risk minimizer
is not consistent, our localized uniform convergence approach can still provide an accurate understanding of the excess

risk, and our bound for OLS is tight at least for the leading term.
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Remark 2. The O(n_l/ 4) rate of (31) comes from the fact that we need to take the square root of € in the last term
of (29); it is not too difficult to see that this is sub-optimal for OLS. In fact, in Theorem 13, we explicitly calculate the
variance of L(wors) and show that in the proportional scaling regime (e.g., y = 0.5), the right amount of deviation is
of order O(n_l/ 2). In the fixed-d regime, the convergence rate can be accelerated to the more familiar rate of O(n™1).
In Theorem 14, we show how to use a more direct approach to obtain high probability bounds that match these
variance calculations. Surprisingly, we can also show that the O(n~1/*) rate is generally unavoidable for any uniform
convergence analysis that only considers the size of L(w). Our analysis is tight in the sense that there are estimators
whose training error is indistinguishable from wors, but whose convergence rate is provably slower than Q(n~1/%). For

readers interested in the tightest rate of convergence, more details can be found in Section 6.2.

4.4 Minimum-Euclidean Norm Interpolation with Isotropic Data and Proportional Scaling

In the previous section, we saw that for OLS in the proportional scaling regime a simple application of our optimistic-rate
bound recovers the limiting asymptotic population loss as a function of d/n < 1. For d/n > 1, the OLS estimator is no
longer defined, and instead we study the performance of the minimum-norm interpolator of the data. In Theorem 6
below, we show that with a slightly more careful® application of Theorem 1, we can recover the loss curve at any aspect
ratio (see Figure 2). Together with the previous result, we show that the optimistic-rate bound can capture the behavior

of the pseudoinverse estimator w = X*Y on both sides of the double descent curve.

1/2
THEOREM 6. Under the model assumptions in (1) withy = d/n > 1 and X = I, there exists € < (W) such that

with probability at least 1 — 8, the following holds uniformly over all w such that L(w) = 0:

llw*12

1 o2
‘L(W) - < 2[lw*|l2 (1 - }—/) (IIWII% - —) -y +3ellwll3. (32)

(1+e)y

2
o® +llwli3 + (1 - —) w5 »

It is clear from Figure 2 below that Theorem 6 is capturing the asymptotic behavior of the minimum-norm interpolator;
we prove this formally in Theorem 7 below by combining the generalization bound with a norm calculation, recovering

the asymptotic formula for this setting computed by Hastie et al. [18] using random matrix theory techniques.

1/2
THEOREM 7. Under the model assumptions in (1) withy = d/n > 1 and X = I, there exists € < (M) such that
with probability at least 1 — 8, it holds that

*12 2
w
min _[[wll3 < (1+¢) (” I ¥ "_) (33)
w:Xw=Y Y y—1
Thus, by Theorem 6, we have
1 w113 2 w3 2
L(W)—[(l——) ||w*||§+02L] <e|—2+ T |+ wllaq|€ 2, 2 (34)
Y y-1 Y y-1 Y y-1
where W is the minimal-ty norm interpolator. If we fix 62,y and ||w*||2, then asn — oo
~ 1 *(12 2 v . .
L(w) = [1-=|lIw']3+0 g i probability. (35)
Y Y-

3The specific choice of the complexity function F follows from our Lemma 10 in the appendix.
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Fig. 2. Generalization bounds for OLS/minimum-£ norm interpolation with isotropic covariance % = I, ||w*|| = 2, 6% = 0.5, n = 4096,
and varying aspect ratio d/n. The vertical line at d/n = 1 represents the double descent peak: on the left (d/n < 1) the predictor w
considered is the Ordinary Least Squares solution and on the right the minimum £-norm interpolator. The line “train” is the empirical
loss L(w), the line “loss” is the test/population loss L(w), “bayes” is the minimal population loss L(w*), and “null’ is L(0). Each
curve correspond to the means from 30 trials at each value of d/n, and the error bars correspond to standard deviations. The line

2
“bd1” corresponds to the bound [+/L(w) + ||w|l+/d/n| from Theorem 2, and “bd2” is the upper bound from Theorem 5 for d/n < 1

and Theorem 6 for d/n > 1. As we see, bd2 is much closer to the true loss around the double descent peak. As explained in Section 5,
bd2 can be recovered by looking at a localized version of Gaussian width. Both bd1 and bd2 are derived from our main optimistic
rates bound Theorem 1.

Remark 3. Similar to the application in the last section, we also have a lower order O(n~1/%) term. It is suboptimal,
and we suspect that this is unavoidable for any uniform convergence analysis that only considers the typical size of
[[w]|. Nonetheless, this bound recovers the leading term, and the lower-order term is negligible if we only care about

the difference with .

4.5 Sharp analysis of LASSO in the Isotropic Setting

A well-known application of the Gaussian Minmax Theorem is to the sharp analysis of the LASSO in the setting
where the covariates are isotropic and Gaussian [see, e.g., 1, 40]. Our optimistic rates bound Theorem 1 recovers a
corresponding generalization bound for all predictors w with ||w||; < ||w™*||1, which when specialized to the constrained

ERM (i.e. the LASSO solution) recovers these results.

THEOREM 8. Using the notation of Theorem 5, we have with probability at least 1 — § that for all w with ||w||; < |[w*||1,

VL(w) — o2 — (YL(—W)Z < erJL(w) + \/li_y (];(TW; - 02) +eL(w) (36)

1-y)

provided y + 2e/+/n < 1, where

1
K ={u:38>0,||lw* +8ully < ||lw*|l1} and y::;~W(‘K'ﬂS"_1)2.

Observe that if o = 0 and L(w) = 0 then we get exact recovery provided y + 2¢/y/n < 1 which is sharp up to the

2

constant in the confidence term [see, e.g., 1, 11]. Informally, exact recovery occurs when n > w?, i.e. the number of
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observations exceeds the statistical dimension. Moreover, we can consider the asymptotic setting where ¢ = 0(1) and
the proportional scaling limit where y converges to constant. In this case, it is known [42, Equation 40(a)] that we have

L(Wrasso)/o? = 1—y, so the right hand side of (84) converges to zero and we have

L. Y
—L(Wrasso) -1 — —.
o 1-y
Thus we recover the characterization of the performance of LASSO in this regime [40, 42]. It is possible, as in the
OLS setting, to also derive non-asymptotic bounds on L(Wasso) and therefore obtain non-asymptotic bounds on the

performance of the LASSO; we omit the details.

Remark 4. The Gaussian width of the tangent cone K” has been sharply characterized in previous work [e.g. 1, 11].

In particular, from the work of Amelunxen et al. [1] we know that if w* is k-sparse,

©=W(K' 08" < W(cone(K’) NS*1) < \dy(s/d)
where .
¥(p) = inf {p<1 +7%) + (1- p)2/m / (u- r)ze-“zfzdu},

as well as a corresponding lower bound which characterizes .

5 LOCALIZED UNIFORM CONVERGENCE MEETS LOCALIZED COMPLEXITY MEASURE: THE
OPTIMALITY OF LOCAL GAUSSIAN WIDTH

Although our choice of the complexity function F in the applications so far can seem quite mysterious, we show how it

can be chosen systematically based on the regularizer or the geometry of the constraint set in this section. As we will

see, the fact that we can obtain the sharp constants our analysis is not coincidental: the local Gaussian width theory

can explain it and elucidate the connection to the previous asymptotic statistics literature (see Remark 5). Consider the

following localized version of a convex set K:
K ={weK:||w -w|s <r}

Based on Proposition 1, the corresponding Gaussian width W5 (%) can be interpreted as a localized version of the

Rademacher Complexity of the function class [see, e.g., 2, 26].

The optimal complexity functional. Ignoring relatively minor technical issues involving the uniform concentration of
Gaussian width, we can take F(w) = W5 (%Kj,y—w+ ;) in the optimistic rates bound (Theorem 1). This choice of F will
lead to an optimal asymptotic guarantee in certain limits, particularly the proportional scaling limit. To see why, first

note that if r = ||w — w*||x, then we have from the optimistic rates bound that

Vo2 +r2 < (1+ ) (w/ﬁ(m + wz(«,)/\/ﬁ) )
Rearranging and using 1/(1+ 1) > 1 — f; gives

(1= pi)Vo? +r2 = Wy (%) /N < JL(W). (37)

For simplicity, denote the left hand side of (37) as a function of r called . To obtain a learning guarantee in terms of
r, we can find the sublevel set of / based on the empirical loss. As the empirical loss becomes smaller, we will pick
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out a smaller and smaller sublevel set. When % is convex, it is just an interval because i will be convex *. On the
other hand, we can use CGMT to analyze the minimal training error in K and show that it nearly match the minimal
value of ¢/, see Theorem 9 below. This means that (37) is nearly an equality for the ERM in K and its excess risk r is
precisely determined by the minimizer of ¢. In applications, i usually admits an unique minimizer, which confirms the
approximate optimality of our generalization bound. We note that most of this discussion can also be generalized to
non-convex sets %, but the minimal error in % may no longer be determined by CGMT when % is not convex.

We can now formalize this argument. First, we define two summary functionals similar to the left hand side of (37).
For some absolute constant C > 0 and f; as defined in Theorem 1, we let the upper summary functional lﬁg(x) at

confidence level § € (0,1) to be

¢:§(r) = max {0, (1+B)Vo2 +r2 — Ws (%) /Vn + Cr\/log(2/5)/n} (38)

and the lower summary functional ¢(§ (x) at confidence level § € (0,1) to be

¥ () = max {o, (1= p)Vo? + 12 — Ws (%) /v Cr\/log(z/é)/n} . (39)

The upper functional comes from the CGMT analysis of the minimal error while the lower functional comes from

the application of Theorem 1. As discussed, they match except for a lower order term.

THEOREM 9. Suppose that K is a convex set and consider the upper summary function 1//3r as defined in (38). It holds
with probability at least 1 — 6,

min +/L(w) < Irnzuol Y3 (r) (40)

weK

The following result, which is a formalization of (37), informally states that when a training error of y? is approxi-
mately achievable by any predictor in K, then only predictors w with §/5 (lw — w*|ls) < p can achieve it — note that
by convexity, the set {r : 1//§’(r) < u} will always be an interval which shrinks as we decrease p. For the lower bound
direction, the argument requires a union bound so we adjust the value of § slightly to z; the difference is generally

negligible since these confidence parameters only appear inside of logarithms.
THEOREM 10. Suppose that K is a convex set and consider the summaryfunctionaltpg, Y as defined in (38) and (39). Let
& > 0 and y be arbitrary such that p > p* := miny > l//g(r) and define r* := inf{r : t//g(r) = p*}. Then with probability at
least 1 — 48, it holds that uniformly over all w € K such that A[L(w) < y that:
llw=w"lls < ry=sup{r>0:y5(r) < p} (41)
and also
lw—w*llz > r— =inf {r > 0: 97 (r) < p} (42)

where T := 5/[”;5*].

If we want to specifically analyze near-empirical risk minimizers, we can apply Theorem 10 with u of the form p* + €
with a small € > 0, and the conclusion is that their generalization error ||[w — w*||5 will be an approximate minimizer of

the summary functional y/5.

Example 4. To illustrate Theorem 10, we briefly explain how to apply this result in the settings of OLS and minimum

norm interpolation with isotropic data. Since we already have given precise nonasymptotic results for these settings in

“4For a proof, see Lemma 12 and Lemma 13 in the appendix.
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the previous sections, we only give a high-level summary of how to apply Theorem 10 in these examples and ignore,
for example, the small difference between /~,Y* which is relevant for finite sample bounds. For OLS, we take K = R4

so W5 (K;) = ri/d/n so the limiting summary functional is
U(r) ~ Vo2 +r2 —rv/d/n

which is minimized at

r? = o*(d/n)/(1-d/n),
so taking y — 1(r) from above, we see by Theorem 10 that the OLS solution w satisfies ||w — w* ||z € ¢~ 1 ([0, u]) =
{¢~1()} = {r} informally recovering the conclusion of Theorem 5. For ridge regression (and in particular minimun
norm interpolation) in the isotropic setting, we can reduce without loss of generality to the case where K is the unit
ball in which case % is the intersection of the unit ball with a ball of radius r about w*: the Gaussian width of this
intersection can be explicitly computed by solving a two-dimensional Euclidean geometry problem, and this essentially

corresponds to the key Lemma 10 in the proof of Theorem 6.

Remark 5 (Comparison to Moreau Envelope Theory [41]). In asymptotic settings where the two two summary
functionals ¢/ and 1//3' both converge to a single limit i with a unique minimizer, Theorem 10 implies that the

asymptotic error of the constrained empirical risk minimizer is given by the equation
lw—w"||y = argminy(r).
r=0

In particular, the functional /(r) serves as a “summary functional” which encapsulates all of the relevant information
about the geometry of w* and K. In such an asymptotic setting, Theorem 3.1 of Thrampoulidis et al. [41] gives an
asymptotic characterization of the performance of the constrained ERM (without any finite sample bounds) in terms of
a summary functional called the “expected Moreau envelope”: this can be understood as encoding almost the same
information as /(r). Some of the main advantages of Theorem 10 are that (1) it is nonasymptotic (in particular, it
applies outside of the proportional scaling regime), (2) arguably easier to use and interpret, with a simple and direct
connection to established notions of local complexity used in generalization theory [see, e.g., 2, 26], and (3) it describes
the generalization behavior of predictors w besides the Empirical Risk Minimizer. Their result, while only applying in
the proportional scaling limit, has the advantage of being applicable to other loss functions such as the Huber loss,
being stated for more general noise models, and giving formulas directly in terms of regularization parameters without

rewriting the optimization as a constrained optimization.

6 IMPROVED FINITE-SAMPLE RATE

In this section, we discuss how to obtain improved finite sample rates and explain why the precise rates will depend on

the particular information we have about the predictor.

6.1 Faster rates for low-complexity classes

When the set K is low complexity, as in the case of ordinary least squares when d is fairly small compared to n, the
optimal rate for the empirical risk minimizer in K goes at a “parametric rate” of 1/n, faster than a 1/+/n rate. At first
glance, it may appear impossible to get faster than a 1/+/n rate from the main optimistic rates bound Theorem 1 because
of the presence of the 1 = O(\/W) term. As we will show, one can actually get fast/optimal rates from this
theorem, but there is a different sense in which the 1/+/n is unavoidable: this rate is actually the best we can hope for if
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we are only allowed to use certain summary statistics of the predictor (for example, see Remark 2). Nevertheless, it is
still possible to obtain fast/optimal rates for the empirical risk minimizer by a black-box application of Theorem 1. The
strategy we use is to bound the error [|[w — w* ||, in the empirical metric by using a direct and very simple argument
based on the KKT condition, and then apply Theorem 1 to bound the error in the population metric. The general idea of
analyzing the population loss by going through the empirical metric is very common in statistics and learning theory
le.g. 6, 22, 26].

TuEOREM 11. Let K be a closed convex set in RY containing w* and suppose ' > 0, p > 0 are such that with probability

at least 1 — 8" over the randomness of x ~ N(0,%), uniformly over all w € K we have

(w=w"x) < [lw-wsvp. (43)

Suppose that w = argmin,, ¢4 L(w) and p/n < 0.999, then for alln > Clog(2/8) for some absolute constant C > 0, it

holds with probability at least 1 — (6 + &) that
Lw) —o? < (1+0)0?- L. (44)
n

where T = 1(p,n,8) is upper bounded by an absolute constant and satisfies T(p,n,8) — 1 in any joint limit [p +
log(2/6)]/n — 0,n — oo.

The details of the proof can be found in Appendix E, where it is obtained as a special case of a more general result

(Lemma 15). To illustrate the application of this result, we show how it is used in the analysis of OLS.

Corollary 4. Under the model assumptions (1) with d < n and assuming a sufficiently large n, it holds with probability at

least 1 — 6 that )
\/@ s /1og(36/5)) )
n n

Theorem 11 can be applied in a very similar way to analyze other models in the low complexity regime, for example

L(wors) - 0* < o*

the LASSO when the sparsity level is small, which we illustrate below. Provided the ¢;-eigenvalue ¢ and maximum
diagonal entry of 3 are constants, we recover the sharp @(o?k log(d)/n) minimax rate for sparse linear regression
(which is sharp provided k < d; see, e.g., [36]). This recovers the guarantee for the LASSO in the Gaussian random
design setting given by combining the result of Raskutti et al. [35] with the appropriate analysis of LASSO in the fixed
design setting [e.g. 10, 45].

Corollary 5. Applying Theorem 11 with K = {||w||1 < [|[w*||1} the rescaled ¢1-ball and under the sparsity and compata-
bility condition assumptions of Theorem 4, we have with probability at least 1 — § that the LASSO solution
Wrasso = argmin  L(w)
wi[wili <llw* Iy

satisfies
max; %;;  o’klog(16d/5)
#(Z,5)? n

" 2
L(wpasso) —0°

provided n is sufficiently large that

\]maxi Zu  8klog(16d/d) oo

#(Z,5)2 n
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6.2 Sharp Rate for OLS

We now zero in on the question of sharp rates for Ordinary Least Squares, returning to the discussion from Remark 2.
Unlike all of the previous sections, in this section we will use tools beyond Theorem 1 in order to precisely compute
second order terms in the generalization gap. Surprisingly, even though we can match the high probability bound with
an exact calculation up to first order term (see Theorem 5), the existence of certain near-ERM can prevent us from

recovering the correct variance term:

THEOREM 12. Under the model assumptions in (1), fix y = d/n to be some value in (0, 1) and pick any c > 0. Then there
exists another absolute constant ¢’ > 0 such that for all sufficiently large n, with probability at least 1 — §, there exists a
w € R? such that

2
. A o
L(w) —L(Wors) < c- iz (47)
but the population error satisfies
2
. o
L(w) — L(wors) = ¢ - i (48)

If we know that L(w) = L(WwoLs), then it is necessarily the case that w = wors and as we will see, we can use
Theorem 14 to get the tightest possible convergence rates. On the other hand, it is not difficult to see that nL(Wwors)/o?
follows a chi-squared distribution with n—d degrees of freedom, and by the variance formula of chi-squared distributions,
we have .

Var(L(wors)) = MA

Consequently, L(WoLs) can in fact deviate from E L(wors) = o2(1 — ¥) by the order of 62 /+/n. If we only know that
L(w) is within the normal range of L(WoLs), then the above theorem says that the sub-optimal rate of O(n_l/ 4 that
we show from Theorem 5 is actually tight and unavoidable. We can show a similar negative result for the fixed d regime
that the convergence cannot be faster than O(n~1/2), but as we can see from the last section, using [|w —w* ||§ ~ o’y as
the empirical metric instead is enough to recover the parameteric rate O(1/n). This argument fails for the proportional
limit regime because the smallest eigenvalue of 3! is (1 — \/7)2 and so we can only get the larger quantity o
Y

which fails to capture the first order behavior of ¢ =

Finally, we show how to prove the tight finite sample rate using more direct methods. In fact, we can use the higher

v
(=vp?

order moments of the inverse Wishart distribution [49] to obtain the exact closed-form expressions for both the mean

and variance of L(wors) with any finite value of n and d.

THEOREM 13. Under the model assumptions in (1) with d < n, consider the ordinary least square estimator woLs =
(XTx)1XTY. It holds that

-1
E L(wors) = 02%
Var(L(ors)) = 2 dno )
ar(L(w =20
OLS (n—d—12%(n-d-3)
Hence asd/n — vy, it holds that
. a? n . 2
EL(wors) — - and ? Var(L(wors)) — ﬁ (50)
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Ifd is held constant, as n — oo, we have
nE[L(wors) — o?] — o?d and Z—iVar(L(WOLS)) — 2d. (51)
We can also show a matching high probability version of Theorem 13 based on the Gaussian minimax theorem:

THEOREM 14. Under the model assumptions in (1) with d < n, consider the ordinary least square estimator worLs =
(XTX)71XTY and denote y = d/n. Assume that y < 0.999, then with probability at least 1 — 8, it holds that

N o? log(36/6
L(woLs) - = SGZ\/Y g(n / ).

The full proof can be found in Appendix E. As we can see from Theorem 13, the variance of L(wors) is of order

O(1/+/n) when d is proportional to n, and of order O(1/n) when d is fixed. In both cases, the expectation is close to
02/(1 - y). Theorem 14 shows exactly this and interpolates the two regimes: when y is of constant order, then we

recover the O(1/+/n) rate, but when d is fixed, y = O(1/n) and so we can accelerate the convergence rate to O(1/n).

Remark 6. Hastie et al. [18] provide a similar expectation calculation. On one hand, their results are more general in
the sense that they do not assume the data is Gaussian, although the data is “almost Gaussian” because they require
the existence of high-order moments. On the other hand, their results are asymptotic because their proof relies on the
Marchenko-Pastur law and requires proportional scaling. In contrast, we obtain finite-sample bounds. After posting an
initial preprint of this work, we learned that [15] has independently obtained a result equivalent to Theorem 13, also

using the moments of the inverse Wishart distribution.

7 DISCUSSION

In this work, we push the limit of what bounds with an optimistic rate can do. At least for well-specified linear regression
with Gaussian data, we see that they are flexible enough to simultaneously understand interpolation learning and
recover many classical results from compressed sensing, high dimensional statistics and learning theory. In the context
of benign overfitting, not only can we establish the consistency of the minimal norm interpolator, we actually show
that any predictor with a sufficiently low norm and training error can achieve consistency. In a variety of applications,
we use our main theorem to obtain bounds with very sharp constants and our general theory suggests that we can
always get a nearly optimal analysis for ERM in any convex set by choosing the complexity functional F in Theorem 1
based on local Gaussian width.

A natural next step will be to relax the Gaussian assumption in our model (1) and also to consider situations where
our linear model is misspecified in the sense that the Bayes optimal predictor is not linear. One of the key advantages
of past works on uniform convergence, including the optimistic rate bound of Srebro et al. [39], is that they do not
need to make strong parameteric assumptions on the data distribution. Though the Gaussian width formulation of
optimistic rate bounds, as in (8), seems to crucially depend on the data being Gaussian, the connection to Rademacher
complexity gives us hope that a version of our theory might apply to non-Gaussian data. (Some care must be taken in
precisely formulating such a bound, due to the negative results discussed by Foygel and Srebro [16], Srebro et al. [39].)
We also think that extending our results to generalized linear models, such as analyzing benign overfitting in linear
classification, is an interesting direction. At least when the features are Gaussian, our techniques should be applicable;
we leave this to future work.
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A PRELIMINARIES

Concentration of Lipschitz functions. Recall that a function f : R” — R is L-Lipschitz with respect to the norm ||-|| if
it holds for all x, y € R” that |f(x) — f(y)| < L||x — yl||. We use the concentration of Lipschitz functions of a Gaussian.

THEOREM 15 ([46], THEOREM 3.25). If f is L-Lipschitz with respect to the Euclidean norm and Z ~ N(0, 1), then
Pr(|f(2) —Ef(2)] > t) < 2¢ 121", (52)
The proof of the following results can be found in Koehler et al. [21].

Lemma 2. Suppose that Z ~ N(0,1,). Then
Pr(|1Z]l2 — V| > 1) < 4e7'/%, (53)

Lemma 3. Suppose that S is a fixed subspace of dimension d in R™ with n > 4, Ps is the orthogonal projection onto S, and

V is a spherically symmetric random vector (i.e. V/||V||2 is uniform on the sphere). Then

PsVil2 d/n + 2+flog(2/3)/n. (54)

IVl

with probability at least 1 — §. Conditional on this inequality holding, we therefore have uniformly for all s € S that
(s, V) = [{s, PsV)| < lIsll2lIPsV Iz < lIsll2lIVll2 (\/d/n+2\/10g(2/5)/n))- (55)

THEOREM 16 ((CONVEX) GAUSSIAN MINMAX THEOREM; [17, 43]). Let Z : n X d be a matrix with i.i.d. N(0, 1) entries and
supposeG ~ N(0,I,) and H ~ N(0,I;) are independent of Z and each other. Let S, Sy, be compact sets and i : S, XS, — R

be an arbitrary continuous function. Define the Primary Optimization (PO) problem

®(Z) := min m%x(u, Zw) + Y (w,u) (56)

weS,, uesS,

and the Auxiliary Optimization (AO) problem
¢(G,H) = min max [[wl|2(G,u) + [[ull2(H, w) + ¢ (w,u). (57)
wEeS,, UES,

Under these assumptions, Pr(®(Z) < ¢) < 2Pr(¢(G,H) < c¢) foranyc € R.
Furthermore, if we suppose that S.,, Sy, are convex sets and (w,u) is convex in w and concave in u, then Pr(®(Z) >
¢) < 2Pr(¢(G,H) = ¢).

B PROOFS FOR SECTION 3
B.1 Proof of Theorem 1

To apply the Gaussian Minimax Theorem, we first formulate the quantity of interest as an optimization problem in

terms of a random matrix with N(0, 1) entries.

Lemma 4. Under the model assumptions in (1), let F be an arbitrary function and  be any positive real number. Define

the primary optimization problem (PO) as

®=sup inf (Zw,/l)+\/“l_ﬂ(ncrz+n||wl|§)—<§,A)—F(Z_1/2w+w*) (58)

w o IAll,=1
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where Z is an n X d random matrix with i.i.d. standard normal entries independent of & and each other. Then it holds that
sup Jﬁ -L(w)—(\/ﬁ(T)+ %) 2 %cp (59)

PRroOF. By our definition of population and empirical loss, we have

sup \/ﬁ (o7 = w12) = <5 1Y =l + 22

. 1 ] . Fo)
sup inf \/m (02 + 11w = well2) - (%<Y—XW,A>+ N )

By equality in distribution, we can write X = Z s1/2, Using a change of variables, the above becomes

1 1 F(Z™24 + w¥)
inf |— (o2 +|wl?)-|—=¢-Zwy+ —— "2~
sup. inf 1+ﬂ(a Iwi2) (ﬁ@ w, 2) "

5 (no? +nllwl) = € 4) - FE™ 2w + )

1 1
=—sup inf (Zw,A)+
\n Wp ||/1||z=1< ) \/1 +

O

To apply Theorem 16, we will use a truncation argument. The following result is an exercise in real analysis, which

we include for completeness.

Lemma 5. Let f : R? — R be an arbitrary function, then it holds that

lim sup f(w)=supf(w) (60)
" wllp<r w
Proor. We consider two cases:
(1) Suppose that sup,, f(w) = oo, then for any M > 0, there exists x)s such that f(xp) > M. Hence for any
r > |lxamll,, it holds that
sup f(w) >M = liminf sup f(w)>M
lwllz<r T lwllysr
As the choice of M is arbitrary, we have lim;—co SUp |1, <r f (w) = oo as desired.
(2) Suppose that sup,, f(w) = M < oo, then for any € > 0, there exists x¢ such that f(x.) > M — e. Hence for any
r > ||xell,, it holds that
sup f(w)>M—-¢ = liminf sup f(w)>M-e¢€
lwllz<r T lwllysr

As the choice of € is arbitrary, we have lim inf, co sup ||, < f(w) > M. On the other hand, it must be the case
(by definition of supremum) that
sup f(w) <M = limsup sup f(w) <M
lwllz<r r—e |wllysr

Consequently, the limit of sup,,, <, f(w) exists and equals M. O
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Lemma 6. Let G ~ N(0,1,),H ~ N(0,1;) be Gaussian vectors independent of Z, ¢ and each other. Define the auxiliary
problem (AO) as

§=sup | (n0® +nl[wl2) = G 1wl = Ell, + (H, w) — F(E 2 4 ), (61)
1+p
w
Suppose that F is continuous, then it holds that for anyt € R
Pr(® > t|&) <2Pr(¢p > t|¢), (62)

and taking expectations we have
Pr(® > t) < 2Pr(¢ > t). (63)

Proor. First, by (58) define the truncated PO as

Iwli<r [1A],=1 B ("02 +n ||W||§) (&) - F(Z_l/zw +w), (64)

1
®, = sup inf (Zw,/1>+\]l+

and the corresponding AO is

. 1
= sup inf IIWIIz<G,/1>+||)L||2(H,W>+\/l+

2 2
(nO' +n ||w||2)
wl<r I1All=1 B

—(EA) - F(E 2w+ w) (65)

1
oy (noz +n ||w||§) PV 2w+ w).

By Lemma 5, with probability one, we have @, and ¢, monotonically increase to ® and ¢ as r — oo, respectively. By

lwll<r

= sup (H,w)—|[IGllwll, —¢&ll, +\/

continuity of measure (from below), it holds that
Pr(d > t|§):Pr(lim o, > t|§)
r—oo

< Pr(Uren NR>r @r > £18)

= lim Pr(Ng>y@g > t|¢) = lim Pr (@ > t]£)
By Theorem 16, it follows that
Pr(®, > t|&) =Pr(—-®, < —t|¢&) <2Pr(—¢pp < —t|&) <2Pr(¢p > t| &)
Plugging in the bound above yields the desired conclusion. O
Lemma 7. Let F satisfy the condition in Theorem 1 and n > 196log(12/8), then there exists < 14“% such that

Pr(p >0) <8 +6 (66)

_, [loe(12/5)
O =)

By a union bound, the following collection of events occur with probability at least 1 — § — &’

Proor. For notational simplicity, define
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(1) By Lemma 2, it holds that

1
1-a<—||G 67
“< Gl (67)

and

1
l—a < — 68
Ly 114153 (68)

(2) By Lemma 3, it holds that

(&.6) < pligllz Gl (69)

(3) By our assumption on F, it holds that uniformly over all w € R4
(Hw) < F(™ 2w+ w") (70)
Equations (67), (68) and (69) implies that
G Iwlly = &3 > (1= p) (IGIZ Il + 11€13)
> (1= p)(1 - @)?n [lwld + 0?)

Therefore, if we take 1+ 8 = (1—p)~!(1 — )72, combining with (70) shows that ¢ < 0. To simplify the expression of §5,
observe that
(1-pa-a)?=>1-2a-p.

Finally, it is routine to check that f < 144/ w. O

THEOREM 1. Under the model assumption in (1), let F : RZ - [0, 0] be a function such that for x ~ N(0,%), with
probability at least 1 — &, it holds uniformly over all w € R? that

(w—w", x) < F(w). (5)

For any § > 0, assume n > 196log(12/3). Then there exists f; < 14#% such that with probability at least
1—2(8" +8), it holds uniformly over allw € RY that

2
Liw) < (1+51) (\/i<w>+ %) . ©)

Proor. First, we prove the result under the temporary additional assumption that F is continuous. By Lemma 4 and

Lemma 6, we have

2
Pr (Elw eR% L(w) > (1+p) ( L(w)+ M) )

=Pr(® > 0) < 2Pr(¢ > 0)

Then Lemma 7 shows that Pr(¢ > 0) < 8’ + § and so the desired event occurs with probability at least 1 — 2(8” + §).
Now we describe how to remove the extraneous assumption that F is continuous. Let §”” > 0 be arbitrary. With

probability at least 1 — §’” and using that x is equal in law to 127 for z ~ N(0, I;), we have that (w — w*,x) <
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w — w*||5(Vd + 24/log(4/5")) by Lemma 2. So by the union bound, with probability at least 1 — " — 8" we have that
ll lI=( g y y P y

(w—w",x) < min{F(w), ||w— W*||2(‘/E+ 2+/log(4/8"))}. (71)

Let Fs» be the greatest convex minorant of the right hand side of Equation (71). (As discussed below in Remark 7, the
greatest convex minorant of a function f is the largest convex function which is everywhere at most f. It always exists
since the supremum of convex functions is convex.) If (71) holds for all x then (w — w*,x) < Fs»(x) as well, by the
defining property of the greatest convex minorant. By Corollary 10.1.1 of [37], Fs~ is continuous since it is convex and
finite. Therefore, we can derive the desired bound with Fg~, which is no larger than F, and this holds with probability
at least 1 — 2(8 + 8" + 8””). Taking 8" — 0 proves the desired result. u]

Remark 7. In Theorem 1, if the assumption (5) is satisfied for a function F then it is also satisfied for its greatest
convex minorant conv(F), which is the largest convex function such that conv(F)(w) < F(w) for all w, and replacing F
by conv(F) only makes the conclusion stronger. Also, we note the conclusion can be written in terms of the population

measure p and empirical measure p, from n samples as

1Y = 0.,y < (1 B2 (I1Y = (w30 ) + FOw) /)

so it can be interpreted as a lower isometry estimate for the empirical Ly metric about the point Y.

B.2 Proof of Theorem 2
For convenience, we restate the theorem below:

THEOREM 2. Under the model assumptions in (1), let K be an arbitrary compact set, and take any covariance splitting

3 =31 @ 9. Fixing § < 1/4, let f = 32 log(1/9) + /KGO ren s large enough that o < 1, then the followin
g n n g g g

holds with probability at least 1 — § for allw € K:

2
L(w) < (1+f2) (\/I:(w) + WE\Z/(;W) + [||w*||22 +rad(z§/27<)] ‘/M) . ®)

Moreover, a stronger version of the above is also true: it holds that uniformly over all dilation factors & > 0 and w € a'’K,

2
L(w) < (1+ f2) (\/ﬁ(w) + % + [||w*||22 + arad(Z;/z‘K)] w/w) : )

Proor. First, we show how to choose the complexity function F in Theorem 1 and show the result without dilations.
We can write x = 2!/2H where H ~ N(0, I). For any splitting ¥ = X1 @ Xy, let H; be the orthogonal projection of H

we have

onto the span of ¥;. Similarly, we let Hy be the orthogonal projection of H onto the span of 25. Then observe that

W —w, x) = (W* —w, Zi/zH) +{w* —w, Z;/ZH)
= (w* = w, SV2H) + (w* - w, 5Y7Hy)
1/2 % 1/2
<2 (w=w))llz - 1 Hillz + KE) “w™, Ho)| + sup  [{w, H2)|

w€2;/27(

where the equality is by orthogonality of the split and the inequality is by Cauchy-Schwarz and the definition of
supremum. Next, observe by Lemma 2 that with probability at least 1 — §/8,

|Hy|| < vrank %, + 2+/log(32/6),
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and by Theorem 15 with probability at least 1 — §/8

sup  |(w, H)| < W, (K) +rad (5 %) y/210g(32/5)

weZé/z'K
and by the standard Gaussian tail bound Prz_n 1) (IZ] > ) < 2¢71"/2 it holds that

(2w )| < [lw* I, /2 1og(32/5) (72)

1/Zw*, H) is N(0, ||w* ||§2) Hence, by the union bound we have that with probability at

because the marginal law of (2,

least 1 —35/8,

(w* —w, x) < F(w) = |[w" — w5, (\/rank 31+ 2\/10g(32/5)) + Ws, () + [[lw* |5, +rad(55/2%)] y/210g(32/9).

Now applying Theorem 1 with F(w) = oo outside of K gives, where f is as defined in the statement of that result,

w N ran Ws, (K .
L < i+ " =l (\/ :21+z\/l°g(i2/5))+ 2‘2/; L s, + rad () Py 1B

Observe that |[w* — wl|z, < ||[w* — w||z < 4/L(w) so we have

((1+ﬁ1>-1/2—\/m“:21 - \/l°g(32/5))«/L(_)<\/L<_ D L [, + v} 2y OB

and by solving for 4/L(w), we just need to consider 2 such that

-2
((Hﬂl)_l/z_\/ranl;zl _2\/log(32/5)) <148

n

The above establishes the result when there is no dilation (@ = 1). Clearly, the same argument also shows the bound

uniformly over all @ > 0 if we take

F(w) = [|w* - wll3, (\/rank 31+ 2\/log(32/5)) +a(w)Ws, (%) + [[w*llx, + a(w) rad(5)/*%) |2 10g(32/6)

where a(w) is the infimum over all @ such that w € a%. O

B.3 Proof of Theorem 3

The following Lemma abstracts the key deterministic argument from the setting of Theorem 3 to essentially any
application of Theorem 1; the key insight is that a generalization bound of the form (73) is exactly of the right form to
explain flatness along the regularization path. Note that in the below Lemma, the function F is assumed to be convex

which is always without loss of generality when applying Theorem 1, see Remark 7.

Lemma 8. Suppose there exist a convex function F and € € (0, 1) such that:

(1) for allw € R4, it holds that

VL(w) < (1+¢€) (\/f,(w) + Ff/[;)) ) (73)

(2) € is sufficiently large that

L(w*) = ”f/!2 <(l1+€)oc and F(\}v_*) <e. (74)
n
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(3) for some w’ € R, it holds that

. F(w’)

Lw)=0 and T <(1+e)o+e. (75)
Then for all R between F(w*) and F(w’) and any constrained empirical risk minimizer of the form
WR = in L ,
WR = arg F(r%r;R (w)
we have L(wg) < (0 +5¢e(o v 1))%.
Proor. For any R between F(w*) and F(w’), we can write
R=(1-a)F(w") +aF(w’)
for some « € [0, 1]. If we define wy := (1 — @)w* + aw’ accordingly, then by convexity, we have
F(wg) < (1 - a)F(w") +aF(w’) =R
and
A 1 1 * 7 *
Lwe) = —IY = Xwelly = = (1= @) IV = Xw" I3 = (1 - @)*L(w").
By the definition of wg, it must be the case that L(wg) < L(wg) and so by (73), (74) and (75)
N F
VL(wg) < (1+¢) (‘/L(WR) + ﬂ)
\n
N R
< (1+e€ L(wg) + —
(1+¢€) (\j (wa) \/ﬁ)
N 1—a)F(w* F(w’
- (l+e)((l—a) () + L2 OFO) +aF (W)
Vn
<(+e)(l-a)(1+e)o+(1—a)e+a((1+e)o+e€))
=(1+e)lc+e(l+e)
<o+5e¢(o V). ]
THEOREM 3. Under the model assumptions in (1), let || - | be an arbitrary norm on R? and consider the complexity

functional Cs, and the constrained ERM wg given by (13) and (14). Suppose there is a split ¥ = 31 & Xy and € > 0 such

that with probability at least 1 — 8, it holds that
m <(l+e)o and Cs,(lw*)<e
and there exists w’ € R such that
L(w)=0 and Cs,(|w)<(1+e)o+e.
Then, with probability at least 1 — 26, it holds uniformly over any R > ||w*|| that
L(Wg) < (0+5(e+f2) (0 V 1)%.

for the same choice of B as in Theorem 2.
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Proor. Notice that Cs;, is a monotone increasing function in ||w/|, so without loss of generality we can assume that

w’ is the minimal norm interpolator. By (9) of Theorem 2 and condition (16), we have
L(w') < (1+B2) (1 +€)o +¢)?

and it is easy to see this upper bound is no larger than the desired upper bound. By our convention, if R > ||w’|| then
wg = w’ and we are done. So we only need to consider the case when ||[w*|| < R < ||w/|].

To apply Lemma 8, consider F(w) = v/nCs, (||w||) and let € + f; plays the role of €. Clearly, (73), (74) and (75) are
satisfied by Theorem 2 and our assumptions (15) and (16). Since Cs, is monotone increasing, the condition that [|w|| < R
is the same as F(w) < y/nCs, (R) and F(w*) < v/nCy, (R) < F(w’). We can conclude the proof by a union bound. O

Corollary 2. Let o > 0 be fixed. Under the assumptions of Theorem 3 with || - || as the Euclidean norm, suppose that
> = X(n) is a sequence of covariance matrices with splits ¥ = X1 ® X satisfying the benign overfitting conditions (12).

Then it holds that

sup L(wg) — o?

Rz[[w* Iz

in probability. (18)

Proor. By Lemma 2, with probability at least 1 — §/2, we have /L(w*) < (1 +24/ W) 0. Theorem 2 and 3 of

Koehler et al. [21] shows that we can pick w’ to be the minimal £, norm interpolator, and there exists

log(1/8)  [log(1/8) nlog(1/6)
PENT TN T RGw

such that with probability at least 1 — §/2, we have

Co,(Iw'll2) < (14) ("+ w2 T—r(nzZ)).

So we can take € to be the maximum of 2+/ w, Cs, (lw*|l2), y and (1 +p)|[w*|l2 @ We can apply Theorem 3
and observe that € + /o — 0 under the benign overfitting conditions (12). O

C PROOFS FOR SECTION 4
C.1 Optimally-tuned regularized regression

Corollary 3. Under the assumptions of Theorem 2, consider the regularized regression estimators w) as in (20) with an

arbitrary norm || - ||. With probability at least 1 — 8, there exists a A* > 0 such that
2
R w*
L(wys) < (143f2) |0+ u E lxll« + sup [lulls, - V8log(36/)]| . (21)
\/ﬁ x~N(0,2;) lull<1

Hence, we have L(wy-) — o2 in probability if

w*|| - Byn x lw*]| - su [lulls
rank(Z;) o Wl - Ex~no,3,) lIxll o and Pllull<1 2 o (22)

n ’ Vn ’ Vn

ProoF. By comparing the KKT conditions, it is easy to see that there is some choice of A* such that

wys = argmin ||w]|.
L(w)<||ElI?/n
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Since L(w*) = I€1I?/n, it follows that ||W)-|| < ||w*||. To apply Theorem 2, we consider K = {w : ||w|| < 1} and observe
that

1/2
rad(%)2%) = sup llwlly, and [w'lls, < W'l sup [lwlls,.
llwii<1 lwii<1

Plugging in (9), by Lemma 2 and a union bound, we obtain

2
7 W * E * * N l 5
L) < (14 f) (g + 1222 +[||w I, + el - sup ||w||zz]\/—2 i ))
Vn lwl<1 n
2
gl , Il Bl (3108619
< (1+p2) W-FT-F”W Il - ”‘Svlﬁr;l [lwlls, - T)
2
gGe |, 1wl Bl . S1og(36/9)
<1 1+2 . N ———
(14 ) ( L )a+ O sl )

1og(36/3)

n

2
It is routine to check that (1 + f2) (1 +2 ) < 1+ 3f, and the proof is complete. O

C.2 LASSO

Lemma 1. Suppose w* is k-sparse, i.e. supported on coordinate set S C [d] with |S| < k. Every w with [[w|[1 < ||[w*||;
satisfies
[(w=wsellt < [(w* = ws)ll1. (25)

Proor. Note that over this set, we have
l(w=w*)sclli = lwsellr = lwll = llwslls < llw*ll1 = llwslls < [[(w* = ws) 1

where the first inequality uses [|w||; < ||w*||; and the second inequality is the triangle inequality. ]

THEOREM 4. Under the model assumptions in (1), additionally assume that:

(1) w* is a k-sparse vector.
(2) ForS c [d] the support of w*, the covariance matrix 3 satisfies the S-compatibility condition.
(3) The number of samples n satisfies
32 max; Xj; Kl (ﬁ) .
$*(2.9) g

Then, for all w satisfying ||w|1 < ||w*||1 and L(w) < (1+e€)c? for an arbitrary €, we have

max; % o?klog(32d/6)

L(w) - o* < (B1+e)d* + (1+¢) 5G.5)° n

(27)

where 1 = O(y/log(1/8)/n) is as defined in Theorem 1. In particular, when o = 0 we have that ||w — w*||x = 0, and so if

3. is positive definite then we have w = w* (exact recovery).

Proor. We start with the application of Theorem 1 as in Example 2. Observe that for x ~ N(0,X) we have by

Lemma 1, the compatibility condition, the standard Gaussian tail bound and the union bound that with probability at
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least 1 — §/8,
(w—=w"x) < [lw—w*[|1]lx]lo < 2/[(w—w")sll1llxlleo

kl/ZHW—W*”z (76)

<2 505.5) max V2Ziilog(16d/d)

so applying Theorem 1 with F(w) equal to the right hand side of (76) gives

1/2 2
ULHW—WW%zLW)SU+ﬁ)Gﬁw0+Eﬁ—WW—wwzmaJEMbg%WQM)

9(Z,S)
+ + +—2k1/2 - v It d/d 2
b (X * ii
< (1+p1) (0' 1+e€ ) [|lw—w ||gmlax 2%;;log(32d/6)/n

For a sufficiently large n, we have ff; < 1. Expanding the square and rearranging gives
2 2 Vvk(1+¢€) N
lw = w75 < [B1 + e +e€f1]o” + 80 ———<—|lw — w'||s max /23;; log(32d/5) /n
$(2.5) i
16k max; %;; log(32d/8)  Ilw — w*|1%
$(2,5)2 n

and using the assumption on n to rearrange the last term gives

W2 2 4 16g VKAL) 5 Tox(32d75) T
lw—w*[l5 < 2[B1 +e+ef1]o” + 160 5(5.5) [[w —w™||x max v2;; log(32d/5) /n
R i

51202k(1 + €) max; %;j; log(32d/5)
4 2 :
< 4[p1+€lo +\/ 505, 5)n

Solving this quadratic equation, it is not to difficult to check that

lw—w*[ls.

512(1 + €) max; 3;; o2k log(32d/6)
#(Z,5)2 n

which is the desired result. |

lw = w*[|3 < 8[B1 +elo? +

Remark 8 (Generalization Bound for Larger Cones). For simplicity, in the above analysis we gave a generalization
bound for predictors w satisfying ||w||; < [|[w*||1, or more generally ||[(w —w*)gc|l1 < [[(w —w*)s|l1, which covers the
case of the LASSO with oracle regularization commonly considered in the literature [see, e.g., 48]. In situations where
adaptivity to the unknown value of ||w*||; is important, the relevant predictor w may only be guaranteed to satisfy
the weaker bound |[(w — w*)sc|l1 < Cll(w — w*)sll1 for some C > 1 and the analogous version of the compatibility
condition/restricted eigenvalue condition over this cone is assumed [see, e.g., 10, 36, 45, 50]; adopting the analysis to

predictors in this larger cone is straightforward and we omit the details.

C.3 OLS
The following training error bounds are standard, which we include for completeness.

Lemma 9. Under the model assumptions in (1) with d < n, consider the ordinary least square estimator wors =
(XTx)"1xTy. With probability at least 1 — 8, it holds that

L(Gvors) < o (\/1 - g + 2\/@) (77)
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Similarly, with probability at least 1 — 6, it holds that
d log(4/6
[WoLs - w'[|s < & (\/t+ 2 M) o9
n n

PROOF. By our model assumptions, we can write wors = w*+(XTX)"1XT ¢ andso Y -Xwors = (I-X(XTX)"1xT)¢.
Since (I - X(XTX)™'XT) is almost surely an idempotent matrix with rank n — d, it follows that the distribution of

nL(WoLs) _

o) - L (- x(xTx) X,

(o

is a Chi-square distribution with n — d degrees of freedom. By the same reasoning, the distribution of

A 2
n l[woLs = w* [l

U Ty Ty -1yT
5 = S ExX(Tx)IXTe

oz

is a Chi-square distribution with d degrees of freedom. By Lemma 2, with probability at least 1 — §, it holds that

g\/i(wms) < Vn —d +24/log(4/6).

Similarly, we have

g [Wors — w5, < Vd +2+/log(4/9).

Rearranging the terms conclude the proof. O

1/2
THEOREM 5. Under the model assumptions in (1), let y = d/n < 1. There exists some € < (w) such that for all

sufficiently large n, with probability 1 — § it holds uniformly for all w € R? that

VI o2 = [ XX i + \/%y (L(—W) - 02) +el(w). (29)

1-p?|~ 1-y

For the empirical risk minimizer wors = (XTX)™'XTY, the right hand side of (29) is approximately zero because we also

have
L(wors) < 0%(1—y) +d?ey/1—y. (30)
Therefore, we obtain the following generalization bound:
2 log(36/8) \ /*
Liows) - ;= < o (EELD) 61
1-y n

Proor. By Lemma 2, we can pick

F(w) = (Vd+ 24log(@/8") 112 (w* = w)ll2
- (\/E +2+log(4/8) ) VL(w) - 02,

Let 8’ = §/9 and replace & by §/3 in Theorem 1, plug in the estimates from Lemma 9 using confidence level §/9, then
by a union bound with y = % and € = 4/ w, we have

VL(Wors) < o4/1—y + 20€ (79)
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and the bound (6) becomes
- 2
L(w) < (1+ 14¢) (\[L(w) + (\y +2¢)VL(w) — 02) .
We can simplify this by expanding the square
(1+14€)"'L(w) < L(w) + (V7 + 26)2(L(w) — 6%) + 2(\Jy + 2€)\/L(w)VL(w) - o2.
Rearranging, we arrive at
[(1+146)7" = (Vy +26)?] (L(w) — 0%) < L(w) = (1+ 14e) 1o? +2(\y + 2€)7/L(w)VL(w) - o2.
Note that this is a quadratic equation in terms of yL(w) — o2

(VT +26)y/L(w) V= L(w) = (1+ 14¢) 162

2
(Lw) =07 -2 (1+14€)71 = ({fy + 2¢)? Lw)—o* < (1+14e)™! = (Y +2¢)%°

We can complete the square, which leads to the following
2

(V¥ + 2)y/L(w) (1+ 14¢)7! L(w) )
VL(w) = o* - (1+14e)~1 = (Vy +2¢)2 = Ur1ae 1= (W +202 \(1+ 1401 — (yy+202  *

Observe that (1 + 14¢)~! — (VY + 2€)2 =1 -y — O(e) and so

W r2 ¥
1-y = (1+14e)7 1= (\y+20)2 ~ 1-y
We can handle the other terms similarly. Plugging in (79) concludes the proof. O

+O(e).

C.4 Minimum-Norm Interpolation with Isotropic Covariance

Lemma 10. Let w*, w be arbitrary vectors with w* # 0, let V be the (one-dimensional) span of w*, and let Py be the

orthogonal projection onto V. Then for any vector x,

2
(w3 + 1w 1 = 1w = 2)

4llw*l13

(w=w"x) < [lw=wllz- [IPvxllz + Ixll2q| Iwll5 ~

Proor. Observe that by expanding the square, we have
2 2 2

llw = w5 = llwllz + [[w*ll3 = 2(Pyw, w")

and so rearranging gives the Parallelogram identity
2 #(12 12 _ *

Iwllz + lwllz = llw = w™llz = 2(Pyw, w").

Taking absolute value of both sides and using that Pyw and w* are colinear gives
2 2 2
Wiz + 1wl = llw = w*ll3| = 2llPywll2lw"l2.

Combining this with the Pythagorean Theorem, we find

2
(w3 + w15 = llw = w*[13]
2[lw=l

2 2 2 2
IPvawliz = llwllz = IPywllz = [lwllz =
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Thus, applying the Cauchy-Schwarz inequality and the above gives

(w=w"x) = (Py(w—w"),x) + (PyLw,x)

< (Pv(w = w"),x) + [[Pywlizllx|l2

2
(w2 + w113 = flw = w°12)

= (w = w", Pyx) + llxlz4 | lwll3 -
4wl

2
(w2 + 112 = flw = we112)

< llw=wllz - IPyxllz + lIxllz4] w3 ~ w2
2

which is the desired inequality.

]

Lemma 11. Under the assumptions of Theorem 1 withy = d/n > 1 and the further assumption that the data has isotropic
covariance ¥ = I, there exists € < +/ M such that with probability at least 1 — 5, we have

2
v — L (B 112 =t =713
lw=wl5+ 0% < (1+€)|{L(w) ++fy - {|lIwll5 -

4w 13

Proor. Observe that {whx)

Tl ~ N(0,1) and so by a standard Gaussian tail bound, Lemma 2 and a union bound, with
probability at least 1 — §, it holds that

w*(w*)T

llw*113

_ 1w o)l

[Pvx|l2 = =
I

< \21og(6/5)

and

llxll2 < Vd + 24/log(6/5).

Combining Lemma 10 with Theorem 1 and another union bound gives

1
JIv v+ o?
V1+p1

2
— [ [ Wil + llw* 13 = [lw = w*[I3
< E(W)‘I'”W—W*”Z M‘F(\/g*—z m) ”an_ ( w 2 w 2 w w 2) .

4llw*13

Using the fact that ||w — w*||2 < /||lw — w*||§ + 02 and d > n, we have

-1
log(18/3) 1 2log(18/9) -
(1+2 Ogn ) (Hﬂl-,/ °gn ) llw — w12 + o2
2
- wll2 + lw*||2 = [lw — w*|3
sw/L(w)+W.J||W||§—( 2 2 2).

4113
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To simplify, there exists € < \/ w such that

2
(w12 + w7 1 = flw = e 2)

1 N
Vi = w2 + 02 < L) + 7 - | Il -
Vite ’ ’ w13

and rearranging concludes the proof. O

The generalization bound from Lemma 11 holds for all w; we now show what happens when we specialize it to

interpolators.
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1/2
(_log(:ls/é) ) such that

THEOREM 6. Under the model assumptions in (1) withy = d/n > 1 and X = Iy, there exists € <

with probability at least 1 — 8, the following holds uniformly over all w such that L(w) = 0:

‘L(w) -

2 . 1 w3\ o2
az+||w||§+(1——)||w*||§ < 2wz (1——) iz - ) % sz e2)
(1+e)y Y 14 14

Proor. By Lemma 11, there exists some € < 4/ M such that with probability at least 1 — &, for all w such that
L(w) = 0 it holds that

2

Iwli2 + llw* )12 = flw = w*||2

lw=w[+0% < (1+e)y ||w||§—( 2 2 2
4f|w*||2
2

(lwli2 + lw*[12)% = 2([[wli2 + 1w [2)lw = w*[|2 + [lw — w*[|3

4llw*l13

=(1+e)y (IIWII% -

Rearranging, we have

[|w— w*||% + 02

4f|w*||2 - Troy

2 2 2 2\2 2 2 <112 4
< 4lwillz - lwll® = (lwlly + lw*l13)" + 2(Iwllz + lw* 1) lw = wllz = llw = w7l

Grouping the terms with ||[w — w*||2, we see that

4wl a?
*14 2 2 #12 *112 *1(2 #1112 2 2 #1122
w=w |, +|—— = 2(|[w]5 + |lw flw=wrl|; +H4| w5 ——— < 4lw lwll® = (lwll5 + [[w
I Il ((1+€)Y Nwliz + w2 | - Iz +4llw™ll3 T+oy lw™llz - lwll® = (lwllz + [lw™ll3)
which is equivalent to
2
w—w* 3 =2 [lwllZ+ (1= —— ] Iw %] - [lw = w* |12 + (Jw]l2 = lw*]12)? + 4]|w*]|2 - ———— < 0.
o =1 =2 I + (1= sy 1071 ) I =16+ ol = 1) + 4l - 1
To complete the square, we compute
2 2
2 o
2 %12 2 11212 12
wilo+|1———]|w = ([lwll5 = llw —4|w|5  ———
(n 13 ( <1+e)y)” ||2) e e
2 \° 2 o
=1 ———| W ld+2|1 = —— | lIwliZllw*[|12 = |w* |2 + 2]l wl2[lw*]1 - 4llw*||% - ———
(1= gy ) I+ 2 (1= gy I o 2l = 1 -
4 4 %114 1 2 *112 * (12 0'2
= - w5 +4|1 = —— | [Iwll5lw*|l5 — 4llw™|l5 - ————
(oo - gy ) W+ 4 1= gy | I a1
1 w3 o?
=4llw* 5 {1 = == [Iwll3 - -
(1+e)y (1+e)y (1+e)y

2
<4|lw*[l3
Y

1 w2\ &2
(1+e——) l[wli2 + ellwllz - 2l-—
Y Y

o (1+€) >
Y

2
where in the last step we use (1 +¢€)? > 1 and %. To simplify, it is routine to check that

. w2 ' w12
(1+e—;)(||w||§+e||wn§— : —(1—; Il - ) < el

Y
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and so we can conclude that

%012 2 2 #112
_ _ 1- —2
i == i+ (1= 2 i

1 [lw*12 2
< 2[w*[l2 (1 - ;) (IIWII% Ty 2] - % +3el|lwll3.

as desired. O
L L B ) log(40/5) \ /2
THEOREM 7. Under the model assumptions in (1) withy =d/n > 1 and 3 = Iy, there exists € < (T) such that
with probability at least 1 — 6, it holds that
w3 2
min _|jw]? < (1+e)( 2, 9 . (33)
w:Xw=Y Y y—1
Thus, by Theorem 6, we have
1 llw*ll3 2 w3 2
L(w) - [(1— -) lw*||2 + 02—~ ] <e 24 2 | llwllaqle 2, 7 (34)
Y y-1 Y y-1 Y y-1
where W is the minimal-f; norm interpolator. If we fix 62,y and ||w*||2, then asn — oo
~ 1 (12 2 v . 7.
L(w) = (1= =|lIlw']l3+0 vy in probability. (35)
Y Yy —

Proor. The proof strategy here follows the same lines as in Theorem 2 of Koehler et al. [21], but handles the w*

term more carefully. First, we introduce the Lagrangian and apply a change of variable
min ||w||? = min max (1, Xw — Y) + ||w]||?
Xw=Y w2
= minmax (4, Xw — &) + ||lw + w2
WA
To apply CGMT (Theorem 16), we need a double truncation argument. For any r, ¢ > 0, introduce the following problem:

O.(t) = min  max (L, Xw—&)+||w+w*|% (80)
[|w+w*||2<2t [|Al|<r

We also introduce

O(t)=  min  max (L Xw— &)+ ||w+w|?
[|w+w*||2<2t A

=  min lw +w*||?
Xw=¢

[[w+w* ||> <2t

and claim that ®,(t) — ®(¢) as r — oco. By definition, ®,(t) < &(t) for r < s. We consider two cases:
(1) @(t) = oo, i.e. the minimization problem defining ®(t) is infeasible. In this case, we know that for all [|w+w*||® < 2t
[ Xw —¢&ll2 > 0.
By compactness, there exists p = u(X, &) > 0 (in particular, independent of r) such that
IXw = £z = p.
Therefore, considering A along the direction of Xw — & shows that

D, (t) = max (L Xw— &) +||lw+w|? > rp

min
[l w+w*[|2<2t [|All2<r
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s0 O, (t) > 0 asr — oo,

@

~

Otherwise ®(t) < oo, i.e. the minimization problem defining ®(¢) is feasible. In this case, we can let w(r) be an

arbitrary minimizer achieving the objective @, (t) for each r > 0 by compactness. By compactness again, the

sequence {w(r)}72, at positive integer values of r has a subsequential limit w(co) such that [[w(co) +w*|| < 2t.

Equivalently, there exists an increasing sequence r, such that lim, e w(rn) = w(0).

Suppose for the sake of contradiction that Xw(oo) # £, then by continuity, there exists y > 0 and a sufficiently

small € > 0 such that for all ||[w — w(o0)||2 < €
IxXw = &llz > .
This implies that for sufficiently large n, we have
IXw(rn) = ¢&ll2 2 p
and by the same argument as in the previous case

@y, (1) = max (A Xw(ry) — &)+ |[[w(ry) + w||? = ru
Al <r

s0 @, — oo, but this is impossible since @, (¢) < ®(t) < oo. By contradiction, it must be the case that Xw(c0) = &.

By taking A = 0 in the definition of ®, (), we have
@, (1) = [lw(ra) +w*|)%.
By continuity, we show that

lim inf @, (t) > lim ||lw(r,) + w2 = |lw(co) + w¥||? = O(2).
n—oo n—oo

Since @, (t) < ®(t), the limit of ®,, (¢) exists and equals ®(t). We can conclude that lim, e @, (t) = ®(¢)

because @, (t) is an increasing function of r.

In both cases, we have ®,(t) — ®(t) as r — oo. The auxiliary problem corresponding to ®,(t) is

¢r()=  min  max [A[(H,w)+ [[wll(G,A) = (L&) +[lw+w|]?
[|w+w*[|2<2¢ [[A|l2 <r

which is upper bounded by
¢() = min mAaX||/1|I<H,W>+II*WII(G,/U—</L§>+I|*vv+*vv*||2

[lw+w*||2 <2t

= min llw +w* |2
(H,w)+||Gllwl|-&ll <0

[lw+w* |2 <2¢

Applying CGMT and the fact that @, (¢) monotonically increases to ®(t) almost surely, we can conclude

Pr( min lwll? > £]€| = Pr ((1) > ¢18) = Pr  lim /(1) > t]¢]

IA

Jim Pr(@,(1) > 119

2- rirgoPr(¢r(f) >t]§)

IN

min lw+w||? > t|€
(Hw)+|G|w|-£]| <0

S2~Pr(¢(t)>t|§)=2-Pr(
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By tower law, we have shown that

Pr( min ||w|? > t) < lw+w*|? > t).
Xw=Y

2- Pr( min
IGIwl-&ll<(H,w)

To upper bound the minimum, we consider w of the form aw* + fPH where P = I — WH (W”; . For the simplicity of

_, [log(40/5) and = \/I o /1og(20/5)_
n n n

By a union bound, the following collection of events occurs with probability at least 1 — §/2:

notation, define

(1) By Lemma 3, it holds that
K&, G < pliEll - IGII
(2) By Lemma 2, it holds that
(1-e)ovn< |l < (1+e€)avn
(1-e)Vn<[IGll < (1+e)Vn

( d%—e)\/ﬁs ||[PH|| < (1,$+6)\/H

(3) By standard Gaussian tail bound, it holds that

KH. w)| < [[w”llevn
The above bounds imply that
IGIIwll = £I1* = IGI*llwll* + [IE]1* = 2llwll(G, &
< L+ ) UIGIPIwl® + 1E1%)
< (1+p)(1+e) n(||wll* + o?).
By orthogonality, observe that
[wl? = &®[lw* 1 + | PH]|?
(H,w) = a(H,w") + BIIPH|I?,

and so to ensure that ||G||w|| — &|| < (H, w), we can choose f such that

(1+p) (1 + 6)\/n(aZIIW*|IZ +BIIPHI1? + 02) + allw*[levn < BIIPH]I*.

Note that it suffices to have

(14 )21 + 26)Jn(a[w[[2 + 2 [PH]? + 02) < BIIPH])

(12 2
0{2 ”W ” PH + o PH - < ﬁZHPH“Z
(1+p) 1 (1+26)2IPHIE _ 1 (14 p)=1(1 4 2¢)-2 LPELE

Again, by orthogonality, we have

lw+w*||2 = (1+ a)?||w*||? + g%||PH||?
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and so
min lw +w*||?
Gl wll-&ll<(H,w)
o 2 2
< PH]E +min (1+a)’||lw*[|* +«
-1 20y 4
(1+p)~1(1+2¢) - 1
o [lw*]I?

(1+p)1(1+2e)2IPHIE _ 3 (14 p)=1(1 4 2¢)2 IPHIE

2 [lw* 12

(1+p)~1(1+2¢)2 IPHIE _4

Finally, we can plug in the high probability lower bound for ||PH||+/n and the proof is complete after some routine

calculations. o

C.5 LASSO with Isotropic Covariance

THEOREM 8. Using the notation of Theorem 5, we have with probability at least 1 — § that for all w with ||w||; < |[w*||1,

VI =02 — 4| XX | Ji ) + \/ﬁ (M - 02) + el (w) (36)

(1-y)? 1-y

provided y + 2e/+/n < 1, where

1
K ={u:35>0,[|w*+8ull; < ||w'|l1} and y:= - SW(K N STTH2,

Proor. We use that for K := {u: 35 > 0, [|w* + Sull; < ||w*|l1}
(W' —w,x) <[[w"=wll sup (ux)
ueK'nsn-1
where 5”71 is the unit sphere. Recall that & := W (%’ N $"~1) denotes the Gaussian width of the intersection of the
o (log(iﬁ/&) )1/2

tangent cone K’ with the unit sphere. Let € = as in Theorem 5, then with this notation Theorem 1

gives

2 2
A+ lw - wl3 < (1+p) (\/I:(w) +lw* = wlla(w+ ze)/«/ﬁ) < (1 + l4e) (\/I:(w) +|lw* = wlla(w + 2¢)/Vn] .

This is a quadratic equation in ||w* — w||z which is of exactly the same form as the quadratic equation that arose in the
analysis of Ordinary Least Squares (proof of Theorem 5), if we define y = w?/n. So solving the quadratic equation in

the exact same way, we find that under the assumption y + 2¢/+/n < 1 that

VI =2 — 4| XX | o Jiw) + \/ﬁ (f(TW; - 02) +el(w). (84)

(1-y)?

]

D PROOFS FOR SECTION 5

We start with the following result, which lets us upper bound the training error of the ERM in a convex set K and is

proved using a direct application of the Convex Gaussian Minmax Theorem.
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THEOREM 9. Suppose that K is a convex set and consider the upper summary function 1//3r as defined in (38). It holds

with probability at least 1 — 6,
mln \/L(w) < m1n¢5(r) (40)

Proor. Observe that
A 1
min 4/L(w) = — min max ( +ZZI/2(W - w), ) 85)
wek Vi wek 4]l <1 5 (
which is a minimax optimization problem over a convex-conave function on a convex set. Hence by the Convex Gaussian
Minmax Theorem (Theorem 16) and the same kind of truncation argument based on Lemma 5, to get a probability at

least 1 — § upper bound on the Primary Optimization (85), it suffices to prove a probability at least 1 — /2 upper bound
on the following auxillary problem:

? min, [max (EA) + A2 (H, 22 (w* = w)) + [[w* = wl|5(G, )

1
=— +llw* = wllsG, A) + || All2 (H, 22 (w* —
\/ﬁvr\flel‘l(ll/rlrlllilx E+]w" = wllzG, A) + [|A]]2( (w* —w))

1 « «
— — min max{||§+ lw* = wllsGllz + (H, =2 (w -w)>,o}

\/ﬁ weK

1
< — min max{(1+ o2n + |w* — w|2n — (H,SY2% (w — w* ,0}
Vi {( B I I5n -« ( ))

where in the last equality, we used that the maximum is attained along the direction £ + ||w* — w||xG and is attained
either at [|A|| = 0 or ||A]| = 1. Also, consider two cases: either there exists w € K such that the non-zero quantity inside
the max is negative, in which case the minimum is just zero, or for all w € K, this quantity is positive and so we can

drop the max inside the minimum. In either case, we see that this is not larger than

max {0, glel(rll((l + P1)AJo? + |[w* - w||§ - %(H,Zl/z(w - w*))} .

For any particular r > 0, we can control it by restricting to %

i (14 ) o+ [ - w||§ - =)
< m1n (1+ﬂ1)V +r2 (H Zl/z(w w*))

=(1+p)Vo2+r2— —  sup (HZV(w-w")

Vn lw*=wllz <r

and so by Gaussian concentration (Theorem 15)

mi;l(\/LA(w) < max {o, (14 Vo2 + 72 — Ws (%) /v + O(r\/log(2/5)/n))} .
we
In particular, we can choose the r that minimizes the right hand side, which concludes the proof. O

Lemma 12. For any o > 0, the function r — Va2 +r? is strictly increasing, convex, and 1-Lipschitz on R»g, and also
strictly convex if o > 0.

Proor. Let f(r) := Vo2 +r2, then
fr) = == < (0.1]

o“+r
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and

r2 0.2

7 _ 1 _ —
S e @t T D

which is nonnegative, and positive if ¢ > 0. [m}

Lemma 13. If'K is a convex set in R? and
K =Kn{w:||lw-w|s <r}

then for any x € RY, the function

g(r) :== sup (x,w—w")
wek,

is increasing and concave. In particular, the function w(r) := Ws (%K) is increasing and concave.

Proor. Without loss of generality we may assume the set K is closed, since replacing K by its closure does not change
the value of g(r). The fact that it is increasing is obvious from the definition. Let r = (1—-A)s+At and let wg € Ks, wy € K.
Then w, = (1 - A)ws + Aw; lies in K, by convexity of K, and because ||w, —w*||z < (1= A)||ws —w* ||z + A||w; —w*||5

by the triangle inequality. Since
(wr =W, x) = (1= A){ws —w", x) + Mwy — ", x)
and ws, w; were arbitrary vectors in K, K, taking the maximum over ws, w; shows

max (w —w",x) > (1 - 21)g(s) + Ag(t). u]

wek,

We now give the main arguments used in the proof of Theorem 10. The following lemma shows how to derive lower
bounds on the generalization error of the constrained Empirical Risk Minimizer, by formalizing the informal argument
from Section 5. To avoid having to perform a union bound over all localization radiuses r, we show how to get the
conclusion by applying Theorem 1 for a few carefully chosen values of sets % ; this is equivalent to applying Theorem 1

once with a simplified version of the “optimal complexity functional” described before.

Lemma 14. Suppose that K is a convex set and we are under the model assumptions (1) and recall summary functionals
1//:;, 5 as defined in (38) and (39). Let § > 0 be arbitrary, let j* := miny g lﬁ;(r), and suppose thatr— > 0,y > p* and
n > 0 are such that we have nK < § forK := hi—’ﬂ*-l and for allr € [0,r_]

min ]1//;(r) > .

relo,r-
Then with probability at least 1 — 25, the constrained empirical risk minimizer w = arg min,,cgc L(w) satisfies

W= wlz>r-.

ProoF. Observe that for any fixed value of r < r_, it follows from Theorem 1 that with probability at least 1 —  for
all w € K, wheren =6+ 1/r

VL(w) > (1= p1)Vo? + lw — w*||2 = W (%K) /v = Cryflog(2/n) /n (86)
>y (r) = (1= B (r = llw = w"[lz) (87)
> p=(1=p)(r—lw-wls) (88)
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where we used the Lipschitz property from Lemma 12. We apply this argument for a grid on [0, r_] which includes the
r—

H=p

bound, it follows that with probability at least 1 — yK > 1 — § that for all w with ||w — w*||z < r_ that

JHT)>u*.

Recall from Theorem 9 that with probability at least 1 — & the constrained ERM satisfies /L(w) < p*. Thus, by applying

the union bound we show that ||w’ — w*||x > r— with probability at least 1 — 26. O

right end point — with spacing p — p* < (p— p*)/(1 = 1), i.e. with [ 1 £ K many grid points and apply the union

THEOREM 10. Suppose that K is a convex set and consider the summaryfunctionaltpg, Y as defined in (38) and (39). Let
& > 0 and u be arbitrary such that p > p* := min,>¢ l//g(r) and definer* := inf{r : t//g(r) = p*}. Then with probability at

least 1 — 46, it holds that uniformly over all w € K such that A[L(w) < y that:
lw—=wllz < rs = sup{r>0:y5(r) < p} (41)

and also
lw—w*llx > r—=inf {r > 0: 97 (r) < p} (42)

where T := 5/[”;5*].

Proor. We first show the upper bound ||[w — w*||s < ry for all w € K with L(w) < u. If ry = oo, then the upper

bound is trivial. Otherwise, we have
1//(; (re) =p (89)

by continuity. Observe that the conclusion of Theorem 1 can be written as
F N
(1) - S < i) (0
n

so taking F(w) = W(K:,) + Cryq/log(2/6)/n for w € K, and oo outside, applying Theorem 1, and recalling the

definition of t//g from (39) and using (89) gives
VL(W) 2 Y5 (re) = gt (91)

Also, by definition if r > r*, then ¢/5(r) > Y5 (r) > pt > p* and so r cannot be the minimizer of y%, i.e. we have shown

min
weK, | w—w*||z=rs
r* < r¥, where r* is the minimizer of 1,//:5r s0

= Y507 = minyF(r).

Note that since the minimizer r* < r*, by applying Theorem 9 we have with probability at least 1 — § that

VEw) Y307 =4 <p 92)

This establishes the claim ||[w — w*||y < r by convexity: suppose for contradiction there exists w € K such that

min
weK, [[w-—w*|z<ry

[lw = w*||s, > ry and \/LA(W) < p1. By (92), there exists w’ € K with ||w’ — w*||x < ry and y/L(w) < p. Therefore,
by convexity we conclude that there exists w”’ which is a convex combination of w, w’ such that \/L(w"") < y and
||lw — w*||x = r4, but this contradicts (91).

Manuscript submitted to ACM



46 Lijia Zhou, Frederic Koehler, Danica J. Sutherland, and Nathan Srebro

Now we show that ||w — w*||s > r_ for all w € K with y/L(w) < p. If r— = —oo then the bound is trivial. Otherwise,
by continuity
Yoy (=) = 1t
and by definition for all r < r* we have 1//;/r* (r-) = p. Also, since ¢;/r* (r) < 1,//;“(r*) = p* < p from the definition, we

know that r* > r_, hence r/r— > 7/r* and so

rerﬁ)i,rrl_] ;/r’(r) > rerﬁ)i,rrl_] l//;/r*(r) H

Therefore, we can apply Lemma 14 to conclude that with probability at least 1 — §, the constrained ERM w =
arg min,,cg L(w) satisfies

W — w5 > r_.

By applying Theorem 1 analogously to the r; case, we know that with probability at least 1 — 7 > 1 — 6,

VLGY) > p (93)

and since p* < y, it follows by a convexity argument that for all w with ||lw — w*||x < r_,

JE(w) > 1 (94)

which establishes the desired conclusion as the contrapositive. The convexity argument is symmetrical to the r, case: if

min
lw—w*|ls=r_,weX

(94) is false for some w, then interpolating between w and w and observes that there exists a convex combination w”’

such that \/L(w) < pand ||w” — w*||5 = r_, which contradicts (93). O
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E PROOFS FOR SECTION 6
E.1 Faster Rates for Low-Complexity Classes

Lemma 15. Under the assumptions of Theorem 1 and with the definition of 1 there, with probability at least 1 —4(5+5')

2
L) < o® + (14 281) (\/UF(W)/\/E +F<W)/%)

where W is any empirical risk minimizer over a closed convex set K containing w*, i.e. L(W) = min,,cqc L(w).

PrROOF. Write X = ZX!/2 with Z a matrix of i.i.d. Gaussians, and observe
1 1 1
—(ZTES P w =) = (€25 P (w = w") = —(EX(w=w")
n n

Note that conditional on & ZT ¢ is just a standard Gaussian N (0, || ||§Id). So with probability at least 1 — §’ (recalling
the defining property of the complexity functional F) we have

11l

%<ZT§, S0 - wh)) < TS F(w). (95)

Observe that ) )
A 1
VwL(w) = =Vy||Y = Xw| = ==XT(Y = Xw) = - = (XT£ + XTX (w* = w))
n n n

so from the KKT condition (w* — W, V,,L(W%)) > 0 we have
W =, XTE + (W' —w, XTX(w" —w)) <0

so rearranging gives the first inequality, and using (95) gives the second inequality in

. 1 - [P
I =l = ) L X - w0 <y Bl p,
By Theorem 1 (defining F(w) = co outside of K), for all w € K

w* = wlls < (1+B1) [Iw" = wlls, + F(w)/Vn]

and so for w we have

lw* =l < (1+B0) [llw" =Wl + F(#)/+n]

Ve p F(W«/ﬁ]

and using the fact that the norm ||£]|; concentrates about oy/n by Lemma 2 and recalling the definition of 81, we have

2
lhw* = I3 < (1+261) (\/aFwn/va(vv)/«/ﬁ) :

Finally, recalling that L(w) = o2 + ||w — W||§ gives the bound as claimed. O

< (1+ﬁ1)

THEOREM 11. Let K be a closed convex set in RY containing w* and suppose 5’ > 0, p > 0 are such that with probability

at least 1 — 8" over the randomness of x ~ N(0,%), uniformly over all w € K we have

(w=w"x) < [lw-w'lsvp. (43)
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Suppose that w = arg min,,cq¢ L(w) and p/n < 0.999, then for all n > Clog(2/5) for some absolute constant C > 0, it
holds with probability at least 1 — (6 + &”) that
Lw)—o? < (1+1)0%- L. (44)
n
where T = t(p,n,8) is upper bounded by an absolute constant and satisfies (p,n,8) — 1 in any joint limit [p +

log(2/8)]/n — 0,n — co.

ProoF. Defining p := /p/n and Lemma 15 gives

w* = wlls < (1+281)"/2 (\/UF(W)/\/E+ F(W)/\/ﬁ) = (1+28)/? (\/O'p”w "y + pllw — w*||z)

hence

(1- (14280 2p)lw — w5 < (1+28) 2 apllw — w5

o 'l < — -+ 2P
ST - (1 2p)ipp

and this in turn is equivalent to the final result. O

which is equivalent to

Corollary 4. Under the model assumptions (1) with d < n and assuming a sufficiently large n, it holds with probability at

least 1 — 6 that 2
L(wors) — 0* < o* (\/E+ 2 M) )
n n

ProoF. Recall from the proof of Theorem 5 that with probability at least 1 — §” we have

(w=w,x) < (Vd + 2ylog(/8)) 52 (w" = w)l;

where 8’ = §/9 so the result follows from Theorem 11 with % = R<. O

Corollary 5. Applying Theorem 11 with K = {||w||1 < ||[w*||1} the rescaled £;-ball and under the sparsity and compata-
bility condition assumptions of Theorem 4, we have with probability at least 1 — § that the LASSO solution
Wrasso =  argmin  L(w)
willwlls <llw*|l1

satisfies
max; %;;  o’klog(16d/5)

L(+ -d*3 46
(WLasso) —o (%52 " (46)
provided n is sufficiently large that
i 2ii 8klog(16d/d
max; 2i og(16d/6) < 0.999.
#(2,5)? n
Proor. Recall from the proof of Theorem 4, more specially (76), that with probability at least 1 — /8
(w—w'x) < [lw-wlilixlleo < 2[[(w = wH)sllillxlleo < mllw — w'llz max v22;; log(16d/5).
so the result follows from Theorem 11. O
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E.2 Precise Rates for OLS

49

THEOREM 12. Under the model assumptions in (1), fix y = d/n to be some value in (0, 1) and pick any ¢ > 0. Then there

exists another absolute constant ¢’ > 0 such that for all sufficiently large n, with probability at least 1 — &, there exists a

w € RY such that )

. L o
L(w) — L(woLs) < ¢~ =T
but the population error satisfies
2
A ’ o
L(w) —L(wors) = ¢’ - T

Proor. Consider the following estimator:
we =w* +a (Wors — w¥)
=w* +a(XTx)"1xT¢
Then the training error is

i(Wa)

1
—[IY = Xwgl®
n

il - ax(xTx) X

ol (1 - X(XTX)_1XT) E+(1- )X (xXTx)1xT g2

I (r=XOTXTIXT) 1+ (1 - @ IX 0T X

= L(wors) + (1 — @) [Jiwors — w3

By Lemma 9, with probability at least 1 — 6, it holds that

2
fros -l <o v+ 2y 202

which can again be upper bounded by, for example, 462y for a sufficiently large n. Therefore, we can let

2
o
(1- a)2402)/ =c-—

v
and it suffices to pick

c 1
a=1+ [— —.
4)/ n1/4

So if we define ¢/ = 2 ﬁ, then the excess error of w, satisfies
2 1/2 2
L(wg) = 0® = 212 (we = w)|

= a?||2Y2 (wors — w) |12

c’ R
> (1 + m) . L(WOLS).

The last inequality follows from the fact that L(wors) > o2.

(47)

(48)
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THEOREM 13. Under the model assumptions in (1) with d < n, consider the ordinary least square estimator worLs =
(XTx)"1XTY. It holds that

E L(WwoLs) = 02#;1_1
49
Var(L(wors)) = 20* i—d ii(lr)lz_(nl)_ -3 W
Hence asd/n — vy, it holds that
EL(woLs) — % and %Var(L(WOLS)) - (13# (50)
Ifd is held constant, as n — oo, we have
nE[L(Wors) — 62] — o%d and Z—iVar(L(WOLS)) - 2d. (51)

PRrOOF. Write X = Z5'/2 and recall that
L(wois) —o* = [[wors — w5 = IIE/2(xTx) ™' xT 113
=dz(Z"z) ¢
First, we compute the expectation. By the tower law, we have
EL(Wwors) - 0° =B [E [gTZ(zTZ)—ZZTﬂ Z”

=2ET((ZT2)™)

= * Tr(E [(ZTZ)’l])
Proposition 2.1 of von Rosen [49] shows that

Ton—17 _ 1
E[(Z" 2) ]_—n—d—lld’

and so
, n-—1

=0 .
n—d-1 n—-d-1
To compute the variance, by the law of total variance, we have

EL(wors) = o +o°

Var(L(wors)) = Var(L(woLs) — %)
=EVar(éT2(272)7227¢| Z) + Var(B(£T 2(2T 2)72 2T £| 7))
By the variance formula of Gaussian quadratic form, we have
Var(éT (2T 2)227¢| 2) = 264 Te (27 2)7%)

Proposition 2.1 of von Rosen [49] shows that
n—1 I
(n-d)(n-d-1)(n-d-3)

E[(zT2)7?] =

and so
20td(n—1)

BV 22 2 D) = g g a3
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To compute the second term, observe that
Var(B(¢72(27 2)7227£| 2)) = o* Var(Tr((27 2) 7))
= o* Var(vec(Iy) Tvec((ZT2)71))
= ovec(Iy)T Var(vec((ZT Z) ™ V))vec(ly)

Proposition 2.1 of von Rosen [49] shows that

Ip+Y;j(ei®ej) (el ®e]) vee(Iy)vec(Iy)T
T =1y _ ] 1 d d
Var(vec((272)™) = n—d)n-d-1)(n-d=3)  “n-dn-d-1)2(n-d-3)
and so
1 T T =2 5T _ 2d 2d?
o1 VB Z(Z 22 D) = e T T (n=d=3) T i d)n—d = )n—d=3)
2d(n—-1)

T i-d(n-d-1)2(n—-d-3)

Finally, we have shown that
. d(n-1)
Var(L =20% )
ar(L(woLs)) = 20 i—d-1D2(n-d-3) o

THEOREM 14. Under the model assumptions in (1) with d < n, consider the ordinary least square estimator woLs =

(XTX)"'XTY and denote y = d/n. Assume thaty < 0.999, then with probability at least 1 — 8, it holds that

. o log(36/6)
L(WOLS)_I_YSUZ ! gn ~

Proor. We are interested in the excess risk:

L(wors) - o® = |22 Grows = wH)II* = (27 2) 727 €))%
Notice that T
"2 2" a7 = (27272 2) (2727 (27272
and we have the following equality:
bT(ZT 2)™'b = max —||Zul|? + 2(u, b)
u
= maxmgn llol12 + 2(0, Zu) + 2(u, b).

u
We can plug in (2T Z)~1/2ZT £ into b. The b term may seem a bit complicated, but the key observation is that conditioned
on Z, the distribution of (ZTZ)_l/ZZTf ~ N(0,0%1;) actually does not depend on Z, and so they are independent.

Therefore, we can condition on b = (Z72)~1/27 T¢ and the law of Z remains unchanged. To apply Theorem 16, we

need use a truncation argument. Define the truncated problem as

@, = max min ||v]|® + 2(v, Zu) + 2(u, b), (96)

lull<r o
then by Lemma 5, we have
Pr (L(sors) - 0% > 11 (27 2)72Z ¢ = b)
:Pr(lim o, > t) < lim Pr(®, > 1).
r—oo

r—oo
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Given u, the minimizer v = —Zu satisfies ||o|| < r||Z|| and so for any M > 0, we have

Pr(®,>1t) < Pr( max min ||o]|2 +2(0, Zu) + 2(u, b) > t) +Pr(||Z]| = M)
lull<r lloll<rM

< 2Pr( max min ||0||2 + 2||o||{H, u) + 2||ul|{G, v) + 2{u, b) > t) +Pr(||Z|| = M)

llull<r lloll<rM

= 2Pr( max min_lof|* +2l[ol| ((H,u) = G| llull) +2(u, b) > t) +Pr(l|Z]| = M)
lull<r ol srM

by Gaussian minimax theorem. On the event that ||G|| > ||H||, the minimizer is
lloll = IGIHIull - <H,u) > (IGII = IHID|lull > ©.
At the same time, we have
lloll < r(IGI + IEHID

and so

Pr (@, > 1) SZPr( max 2(u,b) — ((H,u) = [|G]|llul)? > 1 |G|l > IIHII) +2Pr(||Gl| < [IHI)

llull<r

+2Pr(||Gl| + [|H|| = M) +Pr([|Z]| = M).
As the max over {u : ||u]| < r} is always smaller than the overall max, taking M — oo, we have
Pr(®, > 1) < 2Pr (mjlx 2(u, b) = (IGllllull - (H,u)* > £, |GI| > ||H||) +2Pr([IG]| < [IHI))

Observe that any u can be decomposed into two parts: one part spanned by b and the other part in the orthogonal

complement of b. Formally, we write u = ab + k where (k, b) = 0, and the problem becomes

2
max 2alb|2 = (IGI - Va2 [bIZ+ [IKIZ = (H. k) - a(H.b)) .

aeR, (k,b)=0

Define P =1; — % On the event that ||G|| > ||H||, the quantity inside the square is always positive and so we want
to choose the direction of k that make (H, k) as large as possible:

2
max 2ab|* = min (Gl - VaZ[[BIZ + K2 - (H. k) - a(H. b))
aeR { 0

kb)=
2
= 2a||b|? - in |G| - Va2||b||2 + ||k||2 = (H, k) — a(H, b
max 2a]lb] (<£},‘>‘LO” Il - Va2l[BIIZ + [1K]1% = (H, k) — >)
2
=max 2a]|b||* - (min IGII - \Ja2[1bl2 + B2 - BIIPH] - a(H, b>)
a€R B=0
2
=max 2a||pl1* - (|| - IEIVIGI? = IPHIP - a(H. b))
a€R

H,b)|\* 2
< max 2alblP - b (ViGE- 17ATe - L) - S TTTAIEE
ae \/ﬁ_ H,

(VIGIZ=TPHT? - L5 )
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By the tower law, we have shown that

. 2 _ lIBI1? VIGIE = 1PHIZ I<H, b Vi
Pr|L(wors) — 0" > == | < 2Pr (|G|l < ||H|l) + 2Pr { VIIG||* — IPH||* - T t1IGll > [1H]|

H,b
:zPr(nGnann or Gz - palE - X >'<«/?,||G||>||H||)

liall
ce2 [log(32/6) .
n

By a union bound, with probability at least 1 — §/2, the following occurs:

For the simplicity of notation, denote

(1) by Lemma 2 and the fact that b ~ (0, 62I), it holds that
IGII* = n(1-¢)®

IPH||> < n(yy +€)?> and [|b]|? < o®n(yy +€)?

(2) As % ~ N(0,1), by standard Gaussian concentration, it holds that

\(H, b)|
o <€V

Therefore, for sufficiently large n, we have ||G|| > ||H|| and we can pick ¢ by setting

Vi = \/n(l —e)2—n(\y+e?—-evn

and so with probability at least 1 — §, we have

02(\/)7+e)2
(\/(1 —e)2 —(\y+e)? - 6)2

It is then routine to check the desired bound. ]

L(wors) — 0® <
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